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ABSTRACT 
 

It has always been thought that primes numbers within natural numbers do not fulfill well-defined 
rules that can express themselves through a sequential structure to facilitate checking their 
properties. The study of congruence 1 	
� 24, allows us to find some of the properties of prime 
numbers and demonstrate how these are directly related to this type of congruence that enable us 
to find all (though not only) the primes � � 5. 
 

 
Keywords: Prime numbers; fundamental theorem of arithmetic; congruence � 	
� �. 
 

1. INTRODUCTION 
 
The study of prime numbers has always 
fascinated mathematicians throughout history, 
always looking for how they are formed and their 
properties. For example, some mathematicians 
such as Euclid (330 b. C.-275 b. C.), [1], 
determined that the prime numbers are infinite. 
Eratosthenes (284 b. C. - 192 b. C.), [2], 

recognized the primality of certain numbers 
through sieve to find all the prime numbers 
gradually as long as one kept going (forever), 
which bears his name and other as Carl Friedrich 
Gauss (1777-1855), [3] determined that the 
density of primes approximates the logarithmic 
function �����, Riemann (1826-1866), [4,5], was 
able to correct the error of fluctuation between Li 
(x) and the real value of the primes density less 
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than a value �  and perhaps, one of the most 
prominent theorems related to divisibility is 
Fermat's little theorem. Fermat in a letter 
addressed to Frénicle de Bessy (October 8, 
1640), but as usual of him, he missed out                      
the necessary proof, expressed the following 
equation: if we have a prime number �, then for 
every natural number � we have that � raised to 
�  is congruent with �  module � , i.e., �� ≡
� mod �, or its equivalent if � is a prime number, 
then for every natural number � coprime with �, 
���� ≡ 1 mod �. The first actual published proof 
of this theorem was made by Leonhard Euler in 
1736 [6]. Euler proof begins by showing that 
2��� ≡ 1 mod � for all relatively primes to �. Euler 
demonstrated that 2��� ≡ 1 mod �  for � ≠ 2 , 
aftter wich he shows that 3��� ≡ 1 mod �  for 
� ≠ 3. He then concludes that the formula holds 
por all � relatively prime to �, [7,8,9,10,11].  
 
There are also many conjectures about prime 
numbers, which have not been proven, mostly 
because there are without evidence in 
determining of all the properties that contain 
them. 
 
Here, five properties of congruence will be 
explored 1 	
� 24  which enables us to find 
some fundamental properties of primes and how 
they are related to this congruence. The 
document, for better understanding, is organized 
as follows: section 2 presents some basic 
concepts related to prime numbers. Following, 
section 3 presents 5 properties of prime numbers 
jointly with its corollaries in some cases, related 
to the residual class 1 	
� 24, which essentially, 
turns out to be the fundamental reason of this 
article. Finally, of all the properties have been 
accompanied by applications in order to clarify in 
essence their importance. 
 

2. AN OVERVIEW OF NUMBER THEORY 
 

2.1 Definition 1   
 

Let � and � are integers with � ≠ 0. We say that 
�  divides �  if there is an integer #   such that 
� = �#. If � divides � we write �|�. 
 

2.2 Definition 2   
 

An integer � > 1 is a prime if only its divisors are 
1 and �. If � is not a prime, then it is a composite 
number [12]. 
 

2.3 Fundamental Theorem of Arithmetic 
 

Every natural composite number ' > 1  can be 
factored uniquely as 

' = ��
()�*

(+ × ⋯ × �.
(/ 

 
where ��, �*, ⋯ �.  are different primes and 
1�, 1*, ⋯ , 1.  are positive integers. This 
factorization is called the prime factorization of ', 
[13,14,15]. 
 
2.4 Definition 3 
 
If ' is a positive integer, we say that two integers 
�  and �  are congruent module '  If there is a 
1 ∈ ℤ  such that  � − � = 1' . We will use � ≡
� 	
� '  notation to indicate that �  and �  are 
congruent module '. 
 
In mathematics, congruent module ' is knows as 
modular arithmetic [16]. Modular arithmetic is a 
system of arithmetic for integers, where numbers 
"wrap around" upon reaching a certain value—
the modulus . The modern approach to modular 
arithmetic was developed by Carl Friedrich 
Gauss  in 1798 when Gauss was 21 and first 
published in 1801 in his book Disquisitiones 
Arithmeticae (In Latin, in English:: Arithmetical 
Investigations), when he was 24. In this book 
Gauss brings together results in number                 
theory obtained by mathematicians such 
as Fermat, Euler, Lagrange and Legendre and 
adds important new results of his own [17,18].  
 

The congruence relation module '  in ℤ   is 
equivalence and therefore divides ℤ  into 
equivalence classes so that any of two of them 
are disjoint, i.e.: 
 

ℤ = ⋃ 6789��
:;<       with      678 = =7 + 1':   1 ∈ ℤ@ 

 
where [7] is the j-th equivalence class module '. 
Whenever an integer A belongs to any of the ' 
equivalence classes, we will say that it is a 
representative of that class [19,20]. 
 

3. THE CONGRUENCE � ��� ��  AS A 
GENERATOR OF PRIMES≥5 

 
3.1 Theorem 1  
 
Let �  and B  prime greater or equal to 5, then 
��B�* ≡ 1 	
� 24. 
 
Proof. Let be � and B prime greater or equal to 
5. Then, Porras and Andrade [21] proved that � 
and B  are representatives of the residual class 
1 	
� 6  or  5 	
� 6 . To carry out the test, we 
consider three cases: 
 

Case 1. Let be �  and B  representatives of 
the class 1 	
� 6. 
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Indeed, if 	 and ' are positive integers such that � = 1 + 6	 and B = 1 + 6'. Therefore, 
 

 ��B�* − 1 = D�1 + 6	��1 + 6'�E
*

− 1 
                      = 6�1 + 6	��1 + 6'� − 186�1 + 6	��1 + 6'� + 18 

= 61 + 6�	 + '� + 36	' − 1861 + 6�	 + '� + 36	' + 18 
= 66�	 + '� + 36	'862 + 6�	 + '� + 36	'8 
= 6 ∗ 26�	 + '� + 6	'861 + 3�	 + '� + 18	'8 
= 126�	 + '� + 6	'861 + 3�	 + '� + 18	'8 
= 24H                                                                                                                    (1) 

 
being H ∈ ℕ. Now we shall verify what H is in (1), 
 
Clearly, 	 + ' ∈ ℕ which can be odd or even. Consider initially that 	 + ' is even, i.e. 	 + ' = 21, 
with 1 ∈ ℕ, then, 
 

��B�* − 1 =  126�	 + '� + 6	'861 + 3�	 + '� + 18	'8                                                                 
= 12621 + 6	'861 + 3�21� + 18	'8 

                = 2461 + 3	'861 + 61 + 18	'8                                                                              (2) 
 
so in this case H = 61 + 3	'861 + 61 + 18	'8. Similarly, considering the case of odd 	 + ', i.e. 	 +
' = 21 + 1, one gets that H = 621 + 1 + 6	'862 + 31 + 9	'8. Which complete the demonstration for 
case 1. 
 

Case 2. Let be � and B representatives of the class 5 	
� 6. 
 
The demonstration turns out to be similar to case 1. 
 

Case 3. Let �  be a representative of the residual class 1 	
� 6  and B  from  5 	
� 6 . Then, 
� = 1 + 6	 and B = 5 + 6', with 	, ' ∈ ℕ. As a result, 

 
��B�* − 1 = D�1 + 6	��5 + 6'�E

*
− 1 

= 6�1 + 6	��5 + 6'� − 186�1 + 6	��5 + 6'� + 18 
= 65 + 6�5	 + '� + 36	' − 1865 + 6�5	 + '� + 36	' + 18 
= 64 + 6�5	 + '� + 36	'866 + 6�5	 + '� + 36	'8 
= 2 ∗ 662 + 3�5	 + '� + 18	'861 + �5	 + '� + 6	'8 
= 1262 + 3�5	 + '� + 18	'861 + �5	 + '� + 6	'8 

                = 24A                                                                                                                       (3) 
 

where A ∈ ℕ, comes up when the term 5	 + ' is given a similar treatment as it was given to 	 + ' in 
(2). Thus, case 3 is shown, and in consequence the proposed theorem. 
 

3.2 Corollary 1   
 
If  � is a prime � � 5, then �* ≡ 1 	
� 24. 
 
Proof.  The test is immediate, and it is considering in Theorem 1 the case which in, � = B. 
 
3.3 Theorem 2 
 
If  � is prime � � 5, and 1 ∈ ℕ, then �*( ≡ 1 	
� 24. 
 
Proof.  We use the principle of mathematical induction over 1. 
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The case 1 = 1  turns out to be an immediate 
consequence of corollary 1. 
 
If we assume that the claim is valid for the 
case  1 . I.e., there is  	 ∈ ℕ , such as �*( = 1 +
24	 . Now, now we will demonstrate the case 
(1 + 1). In effect, 
 

�*�(K�� = �*( ∗ �* 
= �1 + 24	��1 + 24'� 
= 1 + 24�	 + '� + 24*	' 
= 1 + 246�	 + '� + 24	'8 
= 1 + 24H                                       (4) 
 

with H ∈ ℕ. This proves the theorem. 
 
3.4 Corollary 2   
 
Every composite number that has the form 
���

() × ⋯ × �9
(L�*  with �M  primes, �M � 5 , 1M ∈ ℕ 

for � = 1, ⋯ , ', is congruent 1 	
� 24. 
 
Proof.  The show is the result of the previous 
theorem, to the extent that ���

() × ⋯ × �9
(L�* =

��
*() × ⋯ × �9

*(L. 
 
3.5 Theorem 3   
 
There are infinite primes � congruent 1 	
� 24. 
 
Proof.  According with Dirichlet’s Theorem: “for 
any two positive coprime integers � and �, there 
are infinitely many primes of the form � + �	 , 
where ' is a non-negative integer (' = 1, 2, …)”, 
then with � = 1 and � = 24, in the form 1 + 24	 
there are infinitely many primes. 
 

3.6 Application I 
 
Derived from section 3.2 corollary 1, �* ≡
1 	
� 24  as long as �  is prime,  � � 5. . 
Immediately, there is 	 ∈ ℕ  such that  �* = 1 +
24	 . We question which sequential form can 
take all 	  in such a way that � = √1 + 24	  is 
sequentially prime. Indeed, we know that all 
primes  � , � � 5  are representatives of residual 
classes 1 	
� 6 or 5 	
� 6. 
 
We initially assumed that � is a representative of 
the residual class  1 	
� 6. That is, � = 1 + 6P,, 
with P � 1.. As such 
 

�1 + 6P�* = 1 + 24	 
1 + 12P + 36P* = 1 + 24	            
P�1 + 3P� = 2	 

In order to ensure that 	 ∈ ℕ, then if P is odd, 
then �1 + 3P� is even and 	 is integer and  if P is 
even, then 	  is integer also, then with P � 1 , 
	 ∈ ℕ. 
 
On the other contrary, let � be is a representative 
of the residual class 5 	
� 6 , � = 5 + 6P  for 
some P ∈ ℕ ∪ =0@. As a result 
 

�5 + 6P�* = 1 + 24	 
25 + 60P + 36P* = 1 + 24	               
24 + 60P + 36P* = 24	                       
2 + 5P + 3P* = 2	                   
�P + 1��3P + 2� = 2	                        

 
in order to ensure that 	 ∈ ℕ, then if P, is odd, 
then �P + 1� is even and 	 is integer and  if P is 
even,�3P + 2� is even and 	 is integer and also if 
P = 0, 	 = 1, then with  P � 0, 	 ∈ ℕ. 
 
Table 1 shows the sequential results of prime 
numbers in accordance with the restrictions 
imposed in sequential terms for  	 , and 
previously deducted. 
 
Table 1 displays clearly that the numbers in bold 
are primes greater or equal to 5, and all the 
existing composite numbers in the same table 
have decompositions in factors of primes greater 
or equal to 5. 
 

3.7 Application II 
 
Other sequential representations for 	 can even 
generate for all primes � � 5 . For example, if 
	 = 1  or 	 = 2 + 51  or 	 = 5�1 + 1� , 1 ∈ ℕ ∪
=0@. 
 

Table 2 has all the integer values of √� =
√1 + 24	  within the sequential frame set to 	 
previously,   1 ≤ 	 ≤ 1162 . Blank cells 
correspond to all primes �  where sequentially 
5 ≤ � ≤ 167  and blue cells correspond to 
composite numbers in accordance with the 
corollary 2 established in section 3.4. 
 

In addition from Table 2, it is deduced that by 
generating all primes sequentially and in a very 
simple way, we can eliminate all the values 
√� ∉ ℕ  and all the composite numbers 
��

U)�*
U+�V

UW … �9
UL = √� . The remaining values 

√� ∈ ℕ  corresponds to all primes sequentially 
� � 5. 
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Table 1. Values of X = √� + ���  with �� = Y�� + ZY� or �� = �Y + ���ZY + �� 
 

Y � = Y�� + ZY�/� � + ��� √� + ��� � = �Y + ���ZY + ��/� � + ��� √� + ��� 
0       1 25 5 
1 2 49 7 5 121 11 
2 7 169 13 12 289 17 
3 15 361 19 22 529 23 
4 26 625 25=5*5 35 841 29 
5 40 961 31 51 1225 35=5*7 
6 57 1369 37 70 1681 41 
7 77 1849 43 92 2209 47 
8 100 2401 49=7*7 117 2809 53 
9 126 3025 55=5*11 145 3481 59 
10 155 3721 61 176 4225 65=5*13 
11 187 4489 67 210 5041 71 
12 222 5329 73 247 5929 77=7*11 
13 260 6241 79 287 6889 83 
14 301 7225 85=5*17 330 7921 89 
15 345 8281 91=7*13 376 9025 95=5*19 

 
Table 2. All integer values of √� + ��� with � = � or � = � + \] or � = \�] + �� 

 
� ^ = � + ��� √^ � ^ = � + ��� √^ 
1 25 5 287 6889 83 
2 49 7 330 7921 89 
5 121 11 345 8281 91=7*13 
7 169 13 392 9409 97 
12 289 17 425 10201 101 
15 361 19 442 10609 103 
22 529 23 477 11449 107 
35 841 29 495 11881 109 
40 961 31 532 12769 113 
57 1369 37 590 14161 119=7*17 
70 1681 41 672 16129 127 
77 1849 43 715 17161 131 
92 2209 47 737 17689 133=7*19 
117 2809 53 805 19321 139 
145 3481 59 852 20449 143=11*13 
155 3721 61 925 22201 149 
187 4489 67 950 22801 151 
210 5041 71 1027 24649 157 
222 5329 73 1080 25921 161=7*23 
247 5929 77=7*11 1107 26569 163 
260 6241 79 1162 27889 167 

 

3.8 Theorem 4   
 
If � ∈ ℕ, is representative of the residual class 
1 	
� 24, such that √� ∉ ℕ, then  � is a prime or 
a composite number of the form �B , where 
B − � = 24_, for some _ ∈ ℕ and � is a prime �
5. 
 
Proof.  Let � ∈ ℕ is representative of the residual 
class 1 	
� 24 , then, there is 	 ∈ ℕ  such that 
� = 1 + 24	. We consider that � is not a prime. 

Therefore, � = ��
() × �*

(+ × ⋯ × �9
(L  being �: 

prime and 1�, 1*, ⋯ , 19 ∈ ℕ . Given that √� ∉ ℕ , 
there is at least one 7, 1 ≤ 7 ≤ ' such that 1:  is 
not divisible by 2. Be 1: = 1 + 2` with ` ∈ ℕ. Then 
we have that, 
 

�    = ��
() × ⋯ × �:

(a × ⋯ × �9
(L 

= ��
() × ⋯ × �: × �:

*b × ⋯ × �9
(L 

= �: × ��
() × ⋯ × �:

*b × ⋯ × �9
(L 

 = �:B                                                    (5) 
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being B = ��
() × ⋯ × �:

*b × ⋯ × �9
(L . Thus 

1 + 24	 = �:B, with �: prime �: � 5. Then, 
 

B − �: = ��
() × ⋯ × �:

*b × ⋯ × �9
(L − �: 

=
�
�:

− �:                                    

=
� − �:

*

�:
                                   

=
�1 + 24	� − �1 + 24'�

�:
    

=
24�	 − '�

�:
                            

    = 24_                                                 (6) 
 

with _ ∈ ℕ given that �: is a divisor of �	 − '� as 
B − �: ∈ ℕ. Therefore, the theorem is proved. 
 
3.9 Application III 
 
Table 3, essentially proves the importance of 
their relationships in conjunction with each of the 
relevant terms mentioned in the Theorem 4. 

	 = 2 + 51  or 	 = 5�1 + 1� , 1 ∈ ℕ ∪ =0@  are 
considered as sequential structure for 	 . The 
composite numbers according to theorem 4 are 
highlighted in blue, the numbers that are not 
highlighted correspond to prime numbers. 

 
3.10 Theorem 5   
 
Let � = 1 + 24	,  with 	 ∈ ℕ. If  	 = 1 + 5_  with 
_ � 1 , then exists B ∈ ℕ  such that � = 5B , and 
B − 5 = 24_. 
 
Demonstration.  Let � = 1 + 24	,  with 	 ∈ ℕ.  If 
	 = 1 + 5_ for _ � 1 it can be deduced that 
 

� = 1 + 24�1 + 5_) 
 = 25 + 120s     
 = 5�5 + 24_�   
  = 5B                   
 

where  � = 5 + 24_ , then, B − 5 = 24_.  
 
Observation.  Table 4 shows calculations that 
support what was proved previously.  

 
Table 3. Prime and composite numbers when √^ is not integer in ^ = � + ��� 

 
� ^ = � + ��� de = Xf f − X = ��g � ^ = � + ��� de = Xf f − X = ��g 
10 241     102 2449 31·79 24·2 
17 409     105 2521     
20 481 13·37 24·1 107 2569 7·367 24·15 
25 601     110 2641 19·139 24·5 
27 649 11·59 24·2 112 2689     
30 721 7·103 24·4 115 2761 11·251 24·10 
32 769     120 2881 43·67 24·1 
37 889 7·127 24·5 122 2929 29·101 24·3 
42 1009     125 3001     
45 1081 23·47 24·1 127 3049     
47 1129     130 3121     
50 1201     132 3169     
52 1249     135 3241 7·463 24·19 
55 1321     137 3289 11·299 24·12 
60 1441 11·131 24·5 140 3361     
62 1489     142 3409 7·487 24·20 
65 1561 7·223 24·9 147 3529     
67 1609     150 3601 13·277 24·11 
72 1729 7·247 24·10 152 3649 41·89 24·2 
75 1801     157 3769     
80 1921 17·113 24·4 160 3841 23·167 24·6 
82 1969 11·179 24·7 162 3889     
85 2041 13·157 24·6 165 3961 17·233 24·9 
87 2089     167 4009 19·211 24·8 
90 2161     170 4081 7·583 24·24 
95 2281     172 4129     
97 2329 17·137 24·5 175 4201     
100 2401 7·343 24·14 177 4249 7·607 24·25 
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Table 4. Values of ^ = � + ��� with � = � +
\g, where ^ = \h and h − \ = ��g to g � �  

 
g � = � + \g ^ = � + ��g ^ = \h h − \ = ��g 
1 6 145 5·29 24·1 
2 11 265 5·53 24·2 
3 16 385 5·77 24·3 
4 21 505 5·101 24·4 
5 26 625 5·125 24·5 
6 31 745 5·149 24·6 
7 36 865 5·173 24·7 
8 41 985 5·197 24·8 
9 46 1105 5·221 24·9 
10 51 1225 5·245 24·10 
11 56 1345 5·269 24·11 
12 61 1465 5·293 24·12 
13 66 1585 5·317 24·13 
14 71 1705 5·341 24·14 
15 76 1825 5·365 24·15 
16 81 1945 5·389 24·16 
 
4. CONCLUSIONS 
 
The congruence 1 	
� 24  stablishes a direct 
interconnection with prime numbers and by using 
this, we can get all the primes � � 5. There is no 
other  congruence known that allows this, what 
this shows is that all the same primes and 
numbers greater than five arise or are generated 
from an own sequential structure of congruence 
1 	
� 24  as it was proved in the first four 
properties proposed in this paper. Furthermore, 
all of the composite numbers in � = 1 + 24	 to 
	 � 1 , have only two forms: one when √�  is 
integer, in this case the composite numbers ij 
are ij = 6��

U)�*
U+�V

UW … �9
UL8* and another when 

√�  is not integer, in this case the composite 
numbers ij  are ij = �k  and k − � = 24_ 
existing special cases such as that which was 
proposed in the Theorem 5. 
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