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1 Introduction

Let H (U) be the class of analytic functions in the open unit disc U={z € C : |z| < 1} and let # [a, p|
be the subclass of # (U) consisting of functions of the form:

f(2) =a+apz” +app12"T + ... (a€eC; peN={1,2,..}).

Also, let A(p) be the subclass of the functions f € H (U) of the form:

f)=2"4+ > anz" (peN), (1.1)

n=p+1

and set A = A(1) the class of univalent functions. Let X denotes the class of all convex functions in
A which are satisfy the condition

K:{feA:S‘E{1+Zf,II(Z)}>O (zEU)}.

f(2)
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For f,g € H(U), we say that f is subordinate to g, or g is superordinate to f, writtenas f < gor f(z) <
g(z), if there exists a Schwarz function w (z), which ( by definition ) is analytic in U with w (0) = 0 and
lw(z)] <1 (z€U)suchthat f(z) = g(w(z)) (= €U). Furthermore, if the function g is univalent in
U, then we have the following equivalence:

f(2) < g(z) <= [(0) =g(0) and f(U) C g(U).

Form € Z,¢ > —p, X\ > 0, Prajapat [1] introduced the operator
Iyt (A 0) : A(p) — A(p), where

m p+L+An—p)\" "
Jp N =2+ Z (— anz .
n=p+1 p+£

Also, let for A > 0,a,c € C be such that (¢ — a) > 0 and R(a) > —Ap, modified an Erdelyi-Kober
type [2] integral operator, we define the linear operator
I, - Alp) — A(p) b

I'(c+ Ap)
I'(a+ Ap)T'(c—a

1
Tyaf(z) = )/0 (1—t) o e et )dt

— F(C+Ap) ! _ 4\c—a—1 a+Ap—1Zp
= T+ Ap)T(c—a) /0 (A=)

+ Z (1 _ t)cfafl ta+Anlen]dt

n=p+1
— c+Ap = Fa+nA o
=7 T(a + Ap) Z I‘chnA (1.2)

and

LetformezZ=1{.,-2,-1,0,1,2,..}and A > 0,\ > 0,£ > —p,a,c € C be such that R(c —a) > 0
and R(a) > —Ap, we define the linear operator 7,","(a, ¢, A) : A(p) — A(p) b

TN (a0, A)f(2) = (J" (N0 (T3 f(2) = T (0" (A 0) £(2))

m,p o Te+Ap) = (p+L+An—p)\" Dla+nd)
I\ (a, e, A)f(z) = = +F(‘1+Amn_zp+1( P ) F(c—|—nA)anZ' (1.3)

It is readily verified from (1.3) that

A

T3+ 1e, A (2) = o T @ e @) + 0

T 2 (T (0, e, Af () (1.4)
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and

/

A z(j;’f(a e, A)f(z )) . (15

p+Y

m—+1,p )‘ m,p
TR e, A () = (1= BT @ A) S (2) +

Putting ¢ = a in (1.3) and by specializing the parameters A, ¢ and p, we obtain the following
operators studied by various authors:
(i) 7% (aya, A) f(z) = L' (M) f(z) € >0, A >0, pe Nand m € Ng = NU {0}) (see [3]).
(ii) j{’;”(a a, A)f(z) = I(m,£)f(z) (£ > 0,p € Nand m € Ny) (see [4,5]).
(iiiy 7P (a,a, A) = DX, f(2) (A > 0, p € Nand m € No) (see [6]).
(iv) 775" (a,a, A) = Dy f(2) (p € Nand m € No) (see [7,8]).
V) I3 P (a0, A) = TP (A 0) f(2) (>0, X >0,p € Nand m € No) (see [9,10,11]).
Vi) J1 1" (a,a, A) = D™ f
(vi
(
(i
(
(

(2) (m € Z) (see [12]).
DIVAYS (a a,A) =I1"f(z) ({ > 0and m € Ny) (see [13,14]).
viii) 7\ Y(a,a,A) = DY f(z) (A > 0 and m € Ny) (see [15]).

ix) 777" (a,a, A) = f( ) (m € No) (see [18]).
X) T 1(a a,A) =TI, f(2) (A >0and m € No) (see [17,18]).
xi) j1 o (a,a,A) =I"f(z) (m € Nog) (see [19]).

Following definitions are due to Miller and Mocanu.

Definition 1.1 (20, Definition 2.2b, p. 21). . Denote by Q the class of functions f that are
analytic and injective on U\ E(f),

B = {ceou m s = .

and are such that f'(¢) # 0 for ¢ € OU\E().

Definition 1.2 (20, p. 16). Lety : C* — C and let h be univalent in U. If p(z) is analytic in U
and satisfies the following first order differential subordination

P (p(z)7 zp'(z)) =< h(z), (1.6)
then p(z) is called a solution of the differential subordination (1.6). A univalent function ¢(z) is called a
dominant of the solution of the differential subordination (1.6) or more simply, a dominant if p(z) < ¢(z)
for all p(=) satisfying (1.6). A dominant g(z) that satisfies g(z) < ¢(z) for all dominants ¢(z) of (1.6) is
said to be the best dominant of (1.6).

A function L(z,t) : U x [0,00) — C is called a Léwner (subordination) chain if L(., ) is analytic and
univalentin U for all t > 0, and L(z,s) < L(z,t),0< s < t.

Recently, based on certain linear operators, some subordination preserving results have been
obtained in [21], [22], [23], [24], [25], [26], [27] and [28]. In this paper, we obtain some subordination
preserving properties associated with the new class of operators J,";"(a, c, A) involving complex
parameters.
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2 The Main Results

Lemma 2.1 (29, Theorem 1, p. 300). Let 8,y € C with 8 # 0, and let h € H(U) with A(0) = c. If
R(Bh(z) +v) > 0 for z € U, then the differential equation

2q' ()
z)+ = h(2),q(0) = ¢,
A=)+ 5 = M) ao)
has an analytic solution in U, that satisfy ® (8¢(z) +~) > 0, z € U.

Lemma 2.2 [20, Theorem 2.3i, p. 35]. Suppose that the function H : C> — C
satisfies the condition
R (H(is,t))) <0,

for all s, € R with t < —n(1 + s?)/2,n € N. If the function p(z) = 1 + pp2" +
Pni12" 1 4 .. is analytic in U and

R{H (p(z),20'(2))} >0 (ze€U),

then R(p(z)) > 0,z € U. Lemma 2.3 (20, Lemma 2.2d, p. 24). Let ¢ € Q with ¢(0) = a, and let
p(2) = a + anz™ + ant12™t + ... be analytic in U with p(z) # a,n € N. If p is not subordinate to ¢,
then there exist the points 2o = roe’ € U and ¢, € U\ E(f) such that p(U,,) C q(U), p(20) = q(Co)
and zop’ (20) = m¢oq'(¢o),m > n, where U, ={z € C: |z| <To}.

Lemma 2.4 (30, Theorem 7, p. 882). Letq € H(U) andlet ¢ : C> — C, and set ¢ (¢(2), z¢'(2)) =
h(z). If L(z,t) = ¢ (q(2),tzq'(2)) is a subordination chain and p € H|a, 1]NQ, then
h(z) < ¢ (p(2), 2p'(2))
implies that
() < p(2)
t

Furthermore, if the differential equation ¢ (¢(z),tz¢'(z)) = h(z) has a univalent solution q € Q, then
q is the best subordinant.

Lemma 2.5 [31, p. 159] Let L(z,t) = ai(t)z + a2(t)z® + ..., with a1(t) # 0 forall ¢t > 0
and tli+m la1(t)] = 4o0. Suppose that L(.,t) is analytic in U for all ¢ > 0, L(.,t) is continuously
— 400
differentiable on [0, co) for all z € U. If L(z,t) satisfies

OL/0z
> .
§R<8L/8t)>0 t>0;2z€U)

and
|L(z,8)] < Kolai(t)] 2] <ro < 1,£ >0

for some positive constant Ko and ro, then L(z, t) is a subordination chain.
Employing the techniques used in [32], we can prove the following theorem:

Theorem 2.1 Let for A > 0,m € Z,£ > —p,p € N, A > 0,q,c € C satisfying R(c — a) > 0 and
R(a) > —Ap, the operator J,";" (a, ¢, A) be defined by (1.3). Let for 0< 5 < 1,

(£ +p) (a+ Ap)
(1—B)pA(a+ Ap) + BAp (£ +p)

5= (2.1)
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be such that ®(6) > 1 and for g € A(p),

_ =BT e, A)g(2) + BTN (a+ 1 ¢, A)g(2)

zp~1

©(2)

’

satisfy

w”(@)
RI1+ > — zelU),
(1+555) >~ ev)
where p = 0if (5) = 1 and for R(4) > 1,

S RO <2
72(%((%)71), R(8) > 2,

and

(306 < (R6) ~1-29) (5~ RO +1).

the equality in (2.4) and (2.5) occur only when () = 0. If f € A(p) satisfies
=P T, e A)fE) | BIN (a+ 1 e A)f(2)

<(z) (zeD),

zp—1 zp~1
fhen TiP @, NfE) | T e Ag(z)
" (a,c, z " (a,c, z
AL — < Tt — g (z€U).
zP zP
P a,c, z) . .
Moreover, the function M is the best dominant of (2.6).
Proof. Let p p
A,é (CL,C, A)f(Z) ‘7,\2 (CL,C, A)g(Z)

F(z) = and G(z) =

2p—1 zp~1

By hypothesis, we first show that the function G is convex (univalent). For let

2G" (2)

q(z) =1+ i)

(z €U).

Using (1.4) and (1.5) for g € A(p), we have

1
o= (1-3) 6+ 25E,
where ¢ is given by (1.2). On differentiating (2.10) and using (2.9), we have

142200 oy 2By,

¢'(2) q(z) +6 -1

From (2.3) and (2.4), we have
R(Mh()+6-1)>0 (2€U),

(2.4)

(2.5)

(2.10)

2.11)

and by Lemma 2.1, we deduce that the differential equation (2.11) has a solution ¢ € # (U), with

q(0) = h(0) = 1.
Let

H (u,v) = u+ +p

v
u+6—1
where p is given by (2.4).

From (2.3), (2.11) and (2.12)

R{H (a(2),d(2))} >0 (z € V).

(2.12)
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Foralls e Randt < — (1+ s) /2, using (2.12), we have

_ RE) -1t
Clis+6—1 7
If R(6) =1,p=0,we have R{H (is,t)} = 0and if R () > 1,
. ___(s,p,9)
R{H (15,0} < =52 T, (2.14)

where
U(s,p,0) = (R() —1) (1 +5°) —2plis+5—1|°

taking i (6) — 1 = v and $(§) = v, we write
(s, p,8) = (u—2p)s® — dpvs +u — 2p(u® + v?).
If v = 0, from (2.4), we have
(s, p,8) = (u—2p)s”> + (1 — 2pu) u > 0.
If v # 0, we assume that v — 2p > 0 for any u > 0, we obtain

2pv 2 _ 4p%0?
u—2p u—2p

2pv 2 v?
= -2 — 1-2 >
(u p)(s u—2p> —O—U{ p(u—|—u_2p)}_0,

from condition (2.5). Thus (s, p,6) > 0 for all s € R. Hence, from (2.14) and (2.13), we have
R{H (is,t)} < Oforalls € Rand ¢t < — (1+ s°) /2. Thus, by using Lemma 2.2, we conclude that
Re(q(z)) > 0 for all ze U, which proves that the function G defined by (2.8) is convex (univalent) in U.
We next prove that

+u — 2p(u® +v?)

0(s.0.0) = (u=29) (5~

F(z) < G(z) (z€U), (2.15)

if the subordination condition (2.6) holds. Without loss generality, we can assume G is analytic and
univalent in Uand G’(¢) # 0 for |¢| = 1. Otherwise, we replace F' and G by F,(z) = F(rz) and
G,(z) = G(rz), respectively, where r (0 < r < 1). These functions satisfy the conditions of the
theorem on U, and we need to prove that F,.(z) < G.(2) for all » (0 < r < 1), which enables us to
prove (2.15) by letting r — 1.

Let us define a function L(z,t) by

L(z,t) = (p%) G(z)+% (t >0z €U). (2.16)
Then,
OL(z,t)| AN
Tz:(fG(O)Ong)71+57&0(t20)’ (2.17)

and this shows that the function L(z,t) = a1(t)z + a2(t)z* + ..., with a1 (t) = 1+ £ # 0forallt > 0
and lim |ai(t)] = +oo.
t—+oo
From (2.16) and using the assumption (2.1), for all ¢ > 0, we have
IL(z, )] _ |0 -1 (1+1)
lar ()] — |6+ ¢ |0 + ¢

G(2)] +

! 2G'(2) ‘
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< |G(2)] + [2G'(2)] - (2.18)

Since the function G is convex and normalized in the unit disc, we have the following growth and
distortion sharp bounds (see [33]).

r
1+

1 , 1
mS}G(Z”g (177')2,

Using the upper bounds from these inequalities in (2.18), we have
|L(z,t)]| r 1 1
< + < ,
o) —1—=r (1-7r)?2" 1-7r)?
and thus, the assumptions of Lemma 2.5 hold. Furthermore, from (2.17), we have
OL(z,t)/0z 2G"(2)
i Y ol — > 0;
éR(aL(zJ)/at RO)-1+1+)R(1+ 10 >0 (t>0; zeU)

and according to Lemma 2.5, the function L(z,t) is a subordination chain. From the definition of
subordination chain and definition of subordination, we obtain

r
1—7r’

<1G(2)| <

lz| <r <1,

lz| <r<1.

lz| <r<1,¢t>0

L(¢,t) ¢ L(U,0) = p(U) whenever ¢ € 9U,t > 0.

Suppose that F' is not subordinate to GG, then by Lemma 2.3 there exists points zo € U and ¢ € 90U,
and the number ¢ > 0, such that

F(Zo) = G(Co) and ZoF/(Zo) = (1 + t)CoG/(Co),

From these two relations, and by virtue of the subordination condition (2.6), we deduce that

L(Go,t) = <1 - %) G(Go) + LD QG ()

0
_ (1_ %) Pgo) + LFDOF )
1

= 5 [A=-B) T (e, A)f(20) + BTV (a + 1,6, A) f(20)] € 0(U)

zp~1

which contradicts the above observation that L(¢,t) ¢ »(U). Therefore, the subordination condition
(2.6) must imply the subordination given by (2.15). Considering F'(z) < G(z), we see that function G
is best dominant, which completes the proof of theorem. O

Corollary 2.1 Let A > 0, m € Z, £ > —p,p e N0 < B8 <1, A > 0, a, c € C satisfying
R(c —a) > 0and R(a) > —Ap, R(J) be given by (2.1). Let g € A(p),

ne) = g 1A s

=1
AL m,p
Zp/B 1 |:1 S\ (c(l ':—jl)j):| I (a,c,A)g(z) (2.19)

} TN (a, e, A)g(2)

satisfies

R (1 + i;";é?) >_p (z€U),

where p = 0 if ®(5) = 1 and for R(6) > 1, p is given by (2.4) with (2.5). If f € A(p) and

Al +p)
{1 _B—i—ﬁ)\(a-i-Ap)

} TIE 0, A)F(2)

zp—1
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+

B {1_ Al +p)

217 Xt Ap)} IR (a6, A)f(2) <n(2), 2€U (2.20)

then

j;:lép(a, c, A)f(2) - j;’fép(a, c, A)g(z)

zeU.
zp—1 op—1 )

TP (ae,A)g(2)
2zP—1

Moreover, the function is the best dominant of (2.20).

Corollary 22 [et A > 0, m € Z, £ > —p,p e NJ0O < 3 <1, A > 0, a, c € C satisfying
R(c —a) > 0and N(a) > —Ap, R(5) be given by (2.1). Let g € A(p),

P2(2) = L {1—

zp—1

Ala+ Ap)
Al +p)

1 Aa + Ap)
e [0

} T (@, A)g(2)

* + ﬁ} TP (a+1,¢,A)g(z) (2.21)

satisfies

R (1 + Zf(i?) >—p (z€U),

where p = 0 if ®(5) = 1 and for R(6) > 1, p is given by (2.4) with (2.5). Let f € A(p) and

1-8 {I_A(a—i—Ap)

| 7@ e s

zp—1 AL+ p)
o [(1 - A, ﬂ} TP a+ 1,6 A)f() < s(2), €U (222)

then

jm,p ) 7A i b ’A
P (a,c, A)f(2) < j,\,e (a,c )g(z)7 Lel.
zp—1 zp—1

D (g0 A)g(z) . .
Moreover, the function M is the best dominant of (2.22).

Putting 3 = 0 and 1, respectively, in Corollary 2.1 and 2.2, we obtain the following corollaries.

Corollary 2.3 Let f, g € A(p), £ > —p,p € N, A > 0,a,c € C, A > 0 be such that ‘%p > 1,
m € Z. Further, let

TIni P (a, e, A)g(2)

zp~1

I

R (1 + Z;g;i?) >—¢ 2€U, x(2) =

where ¢ = 0if 52 = 1 and for ££2 > 1,

L+p(1—X) L+
g < { 2pA < ?;? S 27

pA Ltp
Py E T e

JIELP (., A) f(2) - j;ibjl-,p(a,c,,q)g(z) N j;iLéP(a,c,A)f(z) - j;?ép(a,c,A)g(z)

Then =4 =T e T , z € U. Moreover, the
. TP (a,e,A z) . .
function D lee g is the best dominant.

zp—1
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Corollary 2.4 Let f, g € A(p), A >0, m € Z, £ > —p,p € N, A > 0, a, ¢ € C satisfying
R(c —a) > 0and R(a) > 0.Further, let

TP (a+1,¢, A)g(2)

R (1 + Z“N(z)> > —0, €U, w(z) =

K'(2) zp—1
where ¢ = 0 if R(a) = 0 and for R(a) > 0,
Rla)  R(a) < Ap
o<{ Fp = (2.23)
{ W(pa)a §R(a’) > Ap7
2 Ap
(3(a))” < (R(a) — 204p) ( 52 — R(a) (2.24)
TP (a ,C, z TP (a ,C, z
equality in (2.23) and (2.24) occur only if &(a) = 0. Then il :;1,1 DI il ;;1,1 Do)
VP (a,c, z VP (a,c, z . P (a,e, z) .
= D (Zp_f”f( ) < D (Zp_lAM ), z € U. Moreover, the function w is the best
dominant.

Remark 2.1. Putting p = 1 in the our main results, we obtain the results obtained by Raina and
Sharma [32].

Applications

We will give an interesting special case of our main results, obtained for an appropriate choice
of the function g and the corresponding parameters.
Thus, for A > 0, A > 0 ,a, ¢ € C satisfying R(c —a) > 0, R(a) > —A, and 8 < 1, let consider the
function g € A defined by

9(z) =z + Zan+1zn+l (z€U),
n=1

with
_ 1 41\ I(a+A) T(c+(n+1)A)
nt+1 = 37 \THe4rn )  T(c+A) T(at(nt1)A)
—1
(rn]a-m2 +8:2]) () ), (2.25)

where p is given by (2.4)

0\ 00 —1)..(0—n+1)

0l = ] ,0eC, neN (2.26)
If the function ¢ is given by (2.2), with p = 1, then
o) = I (e
where the power is principal one, i.e.
(1+ Z)*(2p+1) i 1

We can see that

2¢"(2)\ _pl=QCp+1z _
?R<1+ ap’(z)>_% T+ 2 >—p (z€U),

and from Theorem 2.1, we can obtain:
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Example 2.1 Let0< 8 <1, A >0, A >0, a, c € C satisfying R(c—a) > 0, R(a) > —A and let p
is given by (2.4).
If f € A such that

m m — z)~(2p+1)
(1= B) T @, e, A)f(2) + BTG (a+1,¢, A) fz) < 2

then

J;?f(a,c, A f(z) <z + Z ﬁl (1 +n [(1 — 5)1%2 _i_ﬁafADfl (_2(Z+1))z"+1,

n=1

and the right-hand side function is the best subordinant.
Also, let consider the function g € A defined by
9(z) =2+ Zan+12n+l (z€U),
n=1
With a,,41 is given by (2.25), p is given by (2.4) and (°) is given by (2.26).
If the function ¢ is given by (2.19), with p = 1, then

1—(1 —(2p+1)
n) =D e,

where the power is principal one, i.e.

We can see that

Wi (2)) _wl-Cpt+lz »
9?(14— 1/)3(,2))7% >—p (z€U),

14+ 2
and from Corollary 2.1, we can obtain:

Example 2.2 Let A\ >0,meZ,£>—-1,0<3<1,A>0,a, ce C satisfying ®(c—a) > 0 and
R(a) > —A, R(0) be given (2.1). If f € A such that

Al+1)
Ala+ A)

1= B+ BREER] T e ) () + 81

1—(142)~ e+
2p+1 ’

| 7t s

<

then

> -1
\7;7121(“’ ¢, A)f(z) < 2+ Z T (1 +n [(1 - ﬁ)ﬁ + /BafA]) (2ot

n=1

and the right-hand side function is the best dominant.

Finally, let consider the function g € A defined by
g(z) =z + Zan+1z"+l (z€U),
n=1

with a,,+1 is given by (2.25), p is given by (2.4) and (Z) is given by (2.26).
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If the function 2 (z) is given by (2.21), with p = 1, then

1—(1+ 2)*(29+1)

Yale) = =5 (= €U),
where the power is principal one, i.e.
(142)" @0 =1,
z2=0
We can see that .
R (1 + Zf;é?) = ?Rl — (121—; DE >—p (z€U),

and from Corollary 2.2, we can obtain:

Example 2.3 Let A>0,m € Z, (> —-1,0< <1, A>0,a, c € C satisfying (c — a) > 0 and
R(a) > —A, R(J) be given (2.1). If f € A such that

(1=8) [1 = 365 T (@ e V) + [(1 = B) ) + B8] T @+ 1,6, M) (2)

1—(142)~ (2p+1)

= 2p+1 )

then

i -1
‘7;?1(@, ¢, A)f(2) <z + Z =T (1 +n [(1 - ﬂ)ﬁ + BH%D (72(,21“))27#17

n=1

and the right-hand side function is the best dominant.

3 Conclusions

In this work, analytic p-valent functions defined on the unit disc, are studied with help of new transformation.
This transformation is the modified an Erdelyi-Kober type [2] integral operator combining with Prajapat
operator [1]. Using the new transformation and the techniques of differential subordination we obtained
subordination theorems. Many interesting particular cases of main thm are emphasized in the form

of corollaries and examples.
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