Journal of Advances in Mathematics and Computer Science

31(4): 1-13, 2019; Article no.JAMCS.48171
ISSN: 2456-9968

(Past name: British Journal of Mathematics & Computer Science, Past ISSN: 2231-0851)

On the Compatibility of Bézout Coefficients between
Pythagorean Pairs under Unimodular Transformations

Cherng-tiao Perng!" and Maila Brucal-Hallare!
1Departmem‘ of Mathematics, Norfolk State University, USA.
Authors’ contributions

This work was carried out in collaboration between both authors. All authors read and approved

the final manuscript.

Article Information

DOI: 10.9734/JAMCS/2019/v31i430120

Editor(s):

(1) Dr. Sheng Zhang, Professor, Department of Mathematics, Bohai University, China.
Reviewers:

(1) Francisco Bulnes linamei, Tecnolgico de Estudios Superiores de Chalco, Mexico.
(2) Danjuma Samaila, Adamawa State University, Nigeria.

(3) Iroju Olaronke, Adeyemi College of Education, Nigeria.

Complete Peer review History: http://www.sdiarticle3.com/review-history/48171

Received: 08 January 2019
Accepted: 25 March 2019
‘ Original Research Article Published: 03 April 2019

Abstract

In a recent preprint, Gullerud and Walker proved a theorem and made a conjecture about the
correctness of efficiently generating Bézout trees for Pythagorean pairs. In this note, we give a
simple proof of their theorem, confirm that their conjecture is true, and furthermore we give a
generalization.
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1 Introduction

The integers triple (z,y, z) is called a Pythagorean triple if z2 4+ y? = 2%, Tt is called primitive if
they are relatively prime. It is well known that all positive primitive Pythagorean triples (z,y, z)
with y even can be written as

2 2 2 2
rz=m"—n",y=2mn,z=m" +n",
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for some relatively prime integers m and n such that m > n > 0 [1]. Following Gullerud and Walker
[2], we call such (m,n) a Pythagorean pair. Given (m,n), it is clear that (n,m) and (m,—n) also
generate Pythagorean triples; such pairs are called associated pairs of (m,n). Note that if (m,n) is a
Pythagorean pair, then f(m,n) := (2m+n, m) (where f is defined on Z x Z) is another Pythagorean
pair. Similarly, f(n,m) = (2n + m,n) and f(m,—n) = (2m — n,m) are also Pythagorean pairs.
Define now a trinary tree generated by (m,n) as follows:

fom o) ———

Jmn) ————

—

(m,n)

o —

Flnm) ———— -
\

where recursively, each node on a given level produces three nodes on a next level by applying the
functions fi1(m,n) = f(m, —n), f2(m,n) = f(m,n) and fs(m,n) = f(n,m) and so on. Randall and
Saunders [3] proved that the trinary tree produced from (3,1) contains all pairs of relatively prime
odd integers. Similarly, the trinary tree produced from (2, 1) contains all pairs of relatively prime
integers of opposite parity. Thus these together generate all relatively prime Pythagorean pairs
(m,n) with m >n > 0.

We call (r,s) the Bézout coefficients associated with (m,n) if (r,s) is obtained from the standard
division algorithm so that rm + sn = ged(m,n). For comparison, for an input of (m,n) in the
Matlab gcd function

[G,U,V] = ged(m,n),

the output will be G = ged(m, n) in the usual notation, and U = r, V = s are the Bézout coefficients.
In an attempt to efficiently generate the Bézout coefficients for Pythagorean pairs, Gullerud and
Walker introduced the notion of Bézout tree of (m,n) generated by (u,v), which is defined by

g(u,v) = (v,u — 2v),
g(v,u) = (u,v — 2u) and
g(u, —v) = (—v,u + 2v),

and the tree is arranged in the analogous format as in the tree starting with (m,n). Gullerud and
Walker proved the following result, for which we offer a simple argument.

Theorem 1.1. (cf. Theorem 1.2 of [2]) Let (m,n) be a Pythagorean pair with m > n with
associated pairs (n,m) and (m,—n). Let f and g be as defined above, and let mu + nv = 1 for
some u,v € Z. Then g(u,v),g(v,u) and g(u, —v) respectively yield the necessary coefficients u’, v’
such that
@2m+n)u' +mov’ =1,
(2n+m)u’ +nv’ =1, and
@2m —n)u +mv’ =1

respectively.
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Proof. In terms of matrices, we have
| 2m4+n | | 2 1 m
o= [ =[]0 )
} , then it is clear that g(u,v) is given by
_ v _ 0 1 u _ —INT u
o= Lo =1 B ][0 []
/

, } := g(u,v) satisfies

IfweletA:[i

O =

Tt follows that { :j

2m+n

’ A A
2m +n)u +mv—[u,v][ m

} = g(u,v)" f(m,n)

= [u,v]A" A { Z: ] =um+on =1,
as required. The other two cases are handled in exactly the same way. O

Before stating the conjecture (and we call it Theorem 1.4 now), let’s look at the following example
(Example 1.3 of [2]), where on the left it is the trinary tree generated by (3,1) up to a depth of 2,
and on the right, it is the Bézout tree of (3,1) generated by (0, 1) up to the same depth. Note that
the defining rule for the second tree is analogous to the first: one proceeds from one node at a given
level to three nodes at the next level by applying the functions g1 (u,v) = g(u, —v), g2(u, v) = g(u,v)
and g3(u,v) = g(v,u).

Example 1.2.

(7,5) (-2,3)
(5,3) — (13,5) (71,2)1(2, —5)

\ \
(11,3) (—1,4)
/ L / )
(3,1)—— (7.8) —— (17.7) (0.1) —— (1,-2) = (-2.5)
(13,3) (1,—4)
\ 9.5) \ (-1,2)
(5,1) - (11,5) (0,1) i(1,—2)

T T
(7,1) (0,1)

Comparing the above two trees shows that the second tree yields the Bézout coefficients for entries
in the first tree. This is not completely true for the Bézout tree of (2,1) generated by (0,1) (which
is the same as the second tree in the above example). To fix the situation, simply change the top
entry in the second level (i.e. at depth 1) from (—1,2) into (1,—1), then propagate accordingly
using the functions defined by ¢;(u,v),i = 1,2, 3. We make this precise by introducing the following
trees up to a depth of 2 (cf. Figure 2.1 of [2], where there are typos regarding two entries in the
upper right subtree).
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Example 1.3.

(4,3) (1,-1)
(3,2) —— (8,3) (1,—1)1(—1,3)

T . T
(7,2) (1,-3)
/ @) ) ECE)
2,1) —— (5,2) — (12, 5) (0,1) —— (1,—2)<(—2,5)
(9,2) (1,—4)
\ (7,4) \ (—1,2)
(4,1) - (9,4) (0,1) 1(1,—2)

T T
(6,1) (0,1)

—
|
—

The dotted line in the second tree above means that the entry (1, —1) does not come from (0, 1) by
applying the function gi(u,v), instead one defines the entry (1, —1) using the Bézout coefficients
of the corresponding Pythagorean pair (3,2). After this modification, it appears that the new
Bézout tree yields all the Bézout coefficients of the first tree. Hence the merit of this construction
is that (if it is proven to be true) it gives an efficient way to construct the Bézout coefficients for
all Pythagorean pairs.

We can state Conjecture 2.1 of [2] (now a theorem) as follows.

Theorem 1.4. Consider the trinary trees generated by (2,1) and (3,1). Let (u,v) be the pair in
the Bézout tree corresponding to the relatively prime pair (m,n) and (U, V) be the pair given by
the ged function for the same pair (m,n). Then the following hold:

(1) For all (u,v) in the Bézout tree of (3, 1) generated by (0, 1), (u,v) = (U, V).

(2) One third of the (u,v) in the Bézout tree of (2, 1) generated by (0, 1) are not equal to (U, V).
Changing the value of g(0, —1) in the second level of the Bézout tree from (—1,2) to (1, —1) results
in a tree in which (u,v) = (U, V) for all (u,v).

The above theorem is clearly implied by the following theorem.

Theorem 1.5. For a relatively prime Pythagorean pair (m,n) with m > n > 0, except for (m,n) =
(2,1) and for fi(m,n) := f(m,—n), the following diagram is commutative, i.e. B(fi(m,n))
gi(ﬁ(mv n))v i=1,2,3:

fi

(mv 77,) — (mlv n/)

s s
(r,5) —2— (', )

where 3(m,n) gives the Bézout coefficients (r, s) for (m,n).

We will prove Theorem 1.5 in Section 2 using the standard Euclidean algorithm. In Section 3, we
give a generalization (see Theorem 3.2).
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2 Euclidean Algorithm and the Proof of Theorem 1.5

For simplicity we will assume that all ordered pairs (m,n) consist of relatively prime integers, even
though the result can be generalized to the case when ged(m,n) =d > 1.

2.1. Euclidean Algorithm

We recall that for relatively prime integers m > n > 0, the Division Algorithm is given by
m=qn-+nr1

n = qar1+r2

Tk—2 = qk " Tk—1 + Tk,

where 0 <71 <n,0<7r; <ri—qfori=23,--- k—1, rg—1 = ged(m,n) =1 and r, =0 if n > 1,
and ¢t =m,r1 =0 if n =1 = ged(m,n). We can record the process using matrices as follows:

m | | qgq 1 n | | qa 1 q2 1 1
n| | 1 0 | | 1 0 1 0 79
R
11 0 1 0 0|
Similarly for n > m > 0 and relatively prime, we have
m | |0 1 a 11 |a 1 1
n| |10 1 0 1 0 (I
Note that these intermediate matrices with left upper corner entry ¢; or 0 are uniquely determined.
Note that the Bézout coefficients (r, s) for the relatively prime pair (m,n) with m,n > 0 can be

found by backward substitutions from the steps of the division, or what amounts to be the same,
from the first row vector of A~!, where A is the matrix

=[5 3] (% 0]

=33 [% 4] (% 8]

To prove Theorem 1.5, we need a few lemmas.

or

Lemma 2.2. Assume that m > n > 0 and ged(m,n) = 1. Then (r, s) gives the Bézout coefficients
for (m,n), i.e. (r,s) = B(m,n) if and only if (s, — 2s) = S(2m + n, m).

Proof. By division algorithm, we can write
5 )=
n
where A is an invertible integer matrix of the form

S B OO -
T S e p

S =
—_

By the given assumption, A~! is of the form

-1 _ T S
A _|:* *]
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Now we perform the division algorithm for 2m + n and m, where the first step is the following:
2m+n=2-m+n,

which is followed by the division of m by n. Hence we can write
2m+n] [2 1 1
el el )

~1
. 2 1 . . . R
where the first row of the matrix < { 10 ] A) gives the Bézout coeflicient (1, s") of the division
of 2m + n by m. But

r

*

0 1 | s T—2s
1 =2 | | % * ’
from which we have (r’,s") = (s,r — 2s) as required. O

Lemma 2.3. Assume that m > n > 0 and ged(m,n) = 1. Then (r,s) = (m,m — n) if and only if
(s,m7—s) = p(2m —n,m).

Proof. Clearly we have ged(m, m —n) = ged(2m — n,m) = 1. Similar to the proof of Lemma 2.2,

we may write
m 1
o] =alo )

where the first row of A~! gives the Bézout coefficients for the division of m by m — n, i.e.

-1 _ T S
A= { * % ] ’
Performing the first step of the division of 2m — n by m, we have

2m—-—n=1-m+ (m —n),

= I =l )

whence the Bézout coefficients for the division of 2m — n by m are given by the first row of the
matrix L L
1 1 ST B O
([ o]a) =10 ]
T s 0 1 | | s r—s
T % % 1 =1 | | = * ’

Lemma 2.4. Assume that m >n >0, n < %% and ged(m,n) = 1. Then

(2)-[x 2]

i.e.

as required. O

and
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where ¢1 > 1,14+ ¢5 = ¢1 and A is void if n = 1.

Proof. By assumption, we can write
m=qn-+r
with ¢ = [2] >2and 7 < n.
Letting ¢5 = g1 — 1, we have
m=1-(m—n)+n,

where n < m — n by assumption, and

m-n=(q—1)n+r=qgn+r

)=o)

and expressing the above divisions in terms of matrices, the result is clear. O

Writing

Lemma 2.5. Assume that m > n > 0, gcd(m,n) =1 and (m,n) # (2,1). Then (r,s) = B(m,n) if
and only if (r + s, —s) = B(m,m — n).

Proof. Since (m,n) # (2,1), there are only the following two cases to consider.
Case 1: n < 3. Using Lemma 2.4, we see that the division of m by n is described by the procedure

7o) 0

if and only if the division of m by m — n is described by the following procedure:
1 1 gy 1
L @

@=q+1

where
The fact that (r, s) is the Bézout coefficient for division of m by n means precisely that
a4 @ 117t [ ros
1 0 Tk ox |7
while the Bézout coefficient for the division of m by m — n is given by the first row vector of the

matrix L )
A1 ¢ 1] [1 1]
1 0 1 0 '

But
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which shows the result.

Case 2: n > 2. Assume that (r,s) = S(m,n) and (r',s") = B(m, m —n). Since m —n < Z, by the
result of Case 1, we have
’ ’ /
r=r 4+s and s = —¢s,

which shows that r' = r + s and s’ = —s, as required. O

Remark 2.6. The above lemma does not hold when (m,n) = (2,1), since (0,1) = B(m,n) =
B(m, m — n) here, but (r,s) = (0,1) # (r + s, —s).

Lemma 2.7. Assume that m > n > 0,gcd(m,n) =1 and (m,n) # (2,1). Then (r,s) = B(m,n) if
and only if (—s, 7 + 2s) = 8(2m — n,m).

Proof. The mapping (m,n) — (2m —n, m) can be factored as (m,n) — (m,m —n) — (2m —n,m),
so by Lemma 2.5 and Lemma 2.3, the corresponding Bézout coefficients are given by (r,s) —
(r+s,—s)— (=s,(r+s) —(—=s)) = (—s,r + 2s), as required. O

Proof of Theorem 1.5

The proof for the pair fi and g1 follows from Lemma 2.7. Note that the condition (m,n) # (2,1)
is precisely used here. The proof for the pair f2 and g2 follows from Lemma 2.2. The proof for the
pair f3 and g3 is essentially the same as that of the previous case. Here are the details. Let

m _ q1 1 1
)=l s ]ale]
where the first step of the division process is written out. Now for the division of 2n + m by n, one
has
2n+m | | 1 +2 1 A 1
n - 1 0 (U
Let (7, s) be the Bézout coefficients for the division of m by n, i.e.
ros e 1 -t
_ a1 1
el e]

If (r',s") is the Bézout coefficients for the division of 2n + m by n, then

rs 4t g +2 1 -1
* x| 1 0

SO
/ ’
r=rs =8s— 27’,

as required. O



Perng and Brucal-Hallare; JAMCS, 31(4): 1-13, 2019; Article no. JAMCS. 48171

3 A Generalization

We first extend the definition of Bézout coefficients to general ordered pairs (m,n) € Z x Z. The
following definition seems to yield the same output as the MATLAB’s function [G, U, V] = ged(m,n)
[4] or SAGE’s xgcd function [5]. We have tested this by writing a Sage script using the following
definitions for relatively prime (m,n) up to a reasonable size. In any case, our proof will be based
on the following definitions.

Definition 3.1. The Bézout coefficients B(a,b) for an ordered pair (a,b) € Z X Z are defined as
follows:

3.1.1. For a > b > 0, B(a,b) = (r,s) with ra + sb = gcd(a, b) is given by the Euclidean algorithm
which is uniquely determined. One writes this as (a,b) — (gcd(a, b),r, s).

This is extended to all ordered pairs by the following rules:
3.1.2. (0,a) — (Jal,0,sign(a)), where sign(a) is the sign of a, and by convention sign(0) = 0.
3.1.3. (%a,a) — (Jal,0,sign(a)).
3.1.4. If |a| # |b] and B(|al, |b]) = (r, s), then (a,b) — (gcd(a, b), sign(a)r, sign(b)s).
3.1.5. If |a| # |b] and (a,b) — (ged(a,b),r, s), then (b, a) — (ged(a, b), s, 7).
We leave the readers to check that these formulas are consistent.

Theorem 3.2. Let A be a unimodular 2 x 2 matrix, i.e. an integer matrix such that det(A) = +1.

Consider the mappings
m m
()=l

(%)) =]

for (m,n) € Z x Z such that gcd(m,n) = 1. Then with only finitely many exceptions of relatively
prime ordered pairs (m,n), one has g(8(m,n)) = B(f(m,n)), where 8 maps an ordered pair
(m,n) € Z x Z to its Bézout coefficients.

and

Proof. The idea of the proof is that if the group of unimodular 2 x 2 matrices, denoted GL2(Z),
is finitely generated, then we can decompose each element A in the group as a product of its
generators and their inverses (let S = {Uy,U; ", -+ , U, U7} be a set of generators of GL2(Z) and
their inverses), say

A=ViVi_1--- V1,

where each V; € S,;i=1,--- , k. Since
(A DT =) VD

the proof of compatibility of Bézout coefficients of relatively prime ordered pairs under the transfor-
mation A is reduced to the simple case when A = V;, where V; is in the set of generators, and we
check the relation B(f(m,n)) = g(8(m,n)) for f defined by V; and for g defined by (V;~*)T. This is
because for a factorization A into the generators (so A is a series of compositions of the generator
functions), if compatibility holds at each step of the successive composition with a finite number
of exceptions, then it is easy to see that there will be only finitely many exceptions for the final
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composite function, which is A (we illustrate this in Example 3.3). Now we start to prove the result

for its generators.

It is well known [6] that GL2(Z) is generated by

0 1 0 -1 1
o[ 1] s=]0 ] war=[

It is easy to check that the sets of exceptional pairs for U,S and S™' are all given by

{(717 71)7 (717 1)5 (17 71)7 (17 1)}

1
1

To determine the exceptional set Er for T, we check first the following special cases (m,n) such

that

(m,n) € {(0,£1), (£1,0), (£1,£1), (£1, F1)}

or

(m+n,n) € {(0,+£1), (£1,0), (£1,+1), (£1,F1)}.
This gives exceptional ordered pairs (+1,0), for which g(8(m,n)) # B8(f(m,n)).

For the remaining cases, we may assume that

(Iml, [n[), (Im +nl, [n[) ¢ {(1,0), (0,1), (1, 1)}.

After excluding the special cases above, we use 3.14 and 3.15 to reduce the checking to the following

cases, noting that 8(—m, —n) = —B(m,n) and f(—m —n,—n) = —B(m +n,n).

Case: n>m > 0. Let

Then

where (r,s) = B(m,n) and (r',s") = B(m +n,n).

Case: m >n > 0.

Let
m _ qll 1
= e el
Then
ros @ 1770
el e ]
m+n | _ | ¢g+1 1 1
=L s el )
hence

10
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A A ]

It follows that for both of the above cases,
vl
s |

!/

Case: m > 0,n < 0. Let n = —n’.

[
— =
—_

|

—
N———

N
| —
[V R
| IS

as required.

Subcase 1: m < n’.

Tracing the relations (here and in what follows, the notation <+ means a one-to-one correspondence
that can be determined from Definition 3.1)

e lE el

4 !
RS R R R Py
L , — ’ 5
n n n' —m
it suffices to find the relation
oLt
> / .

m n' —m

When (n/,m) # (2,1) (i.e. when (m,n) # (1,—2)), this can be determined by Lemma 2.5. Using

3.1.4, 3.1.5 and Lemma 2.5, we find the same relation between (r',s’) and (r,s) as above. The
special cases (m,n) = (+1, F2) are checked directly to be exceptional.

and

Subcase 2: m > n'.

Tracing the relations

and

it suffices to find the relation

‘We have

| —
SU3
_
I
| —
)
=~
=+
—
S =
—_
b
| —
[
—_

and
m—-n"]_ [aq 1 1
=L e ale )

where ¢; = 0 if m < 2n’ and ¢; > 1 if m > 2n/. As a result, we find the same relation as above. In
summary, for the transformation T, the set Er of exceptional cases is given by

Er ={(-1,0),(1,0),(1,-2),(—1,2)}.

11
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Similarly the exceptional set E—1 is given by

Er = {(717 72)7 (717 O)v (lv 0)7 (17 2)}

This concludes the proof. O

Example 3.3. The factorization of

1 2] .o
o 1]=m
2 1] ..
[10}_TU

2 17 .
HEs

and

allows us to determine the exceptional set of these transformations. For example, using the proof

. . . 2 -1
of the above theorem, let’s determine the exceptional set Er2g for the transformation { 10 } ,

which is described by the following process:

(m,n) — S(m,n) — T(S(m,n)) — T(TS(m,n))
(a) — (b) — (c — (d) ’

where compatibility of Bézout coefficients can fail at (a) for ordered pairs in the exceptional set Eg
of S, or at (b) for ordered pairs in the exceptional set Et of T, or at (c) for ordered pairs in the
exceptional set EtT of T. Taking preimage of these exceptional sets to the beginning step (a), we
see that the compatibility of Bézout coefficients for T2S can only possibly fail for ordered pairs in
the set

EsUS 'EruU(TS) 'Er.

By direct checking, this turns out to be all the exceptional cases, i.e.
Erag = {(=2,-3),(=2,-1),(=1,-1),(=1,1),(0,-1),(0,1), (1, -1), (1,1), (2, 1), (2,3) }.
Similarly, we get that
Er2 = {(=3,2),(-1,0),(=1,2),(1,-2),(1,0), (3, -2)}
and

ETQU = {(_27 1)7 (_2’3)’ (_1> _1)7 (_1’ 1)7 (07 _1)7 (Ov 1)? (1’ _1)7 (17 1)7 (2v _3)’ (2’ _1)}'
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