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Abstract

In this paper, the problem of exponential H., filtering is investigated for uncertain singular
Markovian jump systems(SMJSs) with time-varying delay. A mode dependent approach is
presented to deal with it. By constructing a stochastic Lyapunov functional and employing
some novel integral inequalities, a filtering design criterion is proposed under which the resulting
filtering error system is robustly exponentially mean-square admissible with a prescribed H
performance index. Based on this, the proper gain matrices and optimal H. performance index
can be efficiently obtained via solving a convex optimization problem subject to some linear
matrix inequalties(LMIs). Finally, a numerical example is given to demonstrate the reduced
conservatism and effectiveness of the presented general filtering technique.

Keywords: Hso filtering; Markovian jump systems; exponentially mean-square addmissible; time-
varying delay; singular systems.
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1 Introduction

Singular systems, which are also referred to as generalized state-space systems, descriptor systems
or implicit systems, as a kind of important system, singular systems have been received extensively
attention during the past decade due basically to their powerful applications in many practical
systems, such as economic systems, robotic systems, biological systems network control systems,
chemical systems, and many other systems. Different from other regular systems, singular systems
are more general and complex owing to not only the stability is need to be considered, but also
regularity and absence of impulses or causality is need to be considered. Due to this fact that
singular systems can better describe and analyze the behavior of some physical systems than regular
ones standard state-space systems [1],[2]. Moreover, since the existence of time-delays often causes
undesirable behavior such as degradation stability in dynamical systems. So one of the major issues
of stability and control analysis for time-delay singular systems has been studied extensively in
actual problem [3],[4].

As a fundamental issue in systems and control theory, filtering design problem is a very significant
research topic in signal processing and systems control. In practice, as well known, some state
variable of certain systems cannot be measured directly, in order to deal with this gap, the filtering
has been considered as the most important approaches to estimate the state information when
the plan is disturbed Currently, there are many approaches proposed for filtering design, such as
Kalman filtering, stationary filtering, varance-constrained filtering, fusion filtering, fault detection
filtering, L1/Ls filtering, Lo — Lo filtering[5], H2/Ho filtering[6],[7], Hoo filtering[8] and so on. As
well known, among the existing filtering methods, the problem of H filtering is very important and
challenging strategy. For the state variables estimation of dynamic systems, the Ho, filtering is to
design an estimate of the unknown state combination via output measurements, which minimizes
H., norm of the transfer function between external disturbance noise and estimation error. In
contrast with the other filtering, the advantage of the H filtering is that the noise signals setting
are arbitrary signals with bounded energy and does not assumption on the statistic of the process
and measurement noise, which is more general than classical Kalman filtering. Recently, many
results about H filtering problem have been reported[9],[10],[11],[12],[13],[14],[15],[16],[17], for
example [11] the resilient finite-time H filtering problem for discrete-time uncertain Markov jump
neural networks with dropouts is investigated; [12]concerned the Ho filtering problem for a class
of networked systems subject to randomly occurring distributed state delays, nonlinearities, sensor
saturation as well as missing measurements via unreliable communication channels ; [16] studied
the probability-guaranteed H finite-horizon filtering problem, the system matrices are functions of
mutually independent stochastic variable that obey uniform distributions over known finite ranges,
which has not been considered in the existing references, is proposed.

It is well known that stochastic modelings have come to play important roles in many branches
of science and engineering applications[18],[19],[20], and Markovian jump systems is one of the
important stochastic hybrid systems which have received considerable research attentions. In
practice, the structure and parameters of the dynamic systems may be changed abruptly due to the
randomly occurring phenomena such as component failure and repairs of the components, change
in the interconnections of subsystems and sudden environment changes and so on [21],[22],[23],[24].
Such an abrupt change could be molded by jump systems and, in the past decade, increased attention
has been devoted to the control or filtering problem for Markovian jump systems. [25],[26],[27]
considered the H filtering for Markovian jump systems with non-accessible mode information or
partly unknown transition probability ; [28] deal with the robust H filtering for a class of uncertain
discrete-time nonhomogeneous Markov jump systems and the time-varying jump transition probability
matrix is described by a polytope; [29] addressed the problem of finite-time Ho filtering for a class
of interconnected Markovian jump system with mode-dependent delays in the interconnection.
To the best of the author’s knowledge, however, most of above references about Hs filtering
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design problem only for the regular systems. In comparison with the regular systems, singular
systems are more complex and difficulty, because it requires to consider regularity and impulse-
free or causality, which do not arise in the regular ones, particularly, if the singular matrices and
Markovian jump parameters are contained simultaneously, the synthesis of SMJSs will become more
complicated[30],[31]. To the best our knowledge, some essential results on regular systems can not
be extend to SMJSs directly or it is very difficulty to do this. So, there is still room for investigation
of many difficult problem for singular systems.

Motivated by the aforementioned observations, in this paper, we will deal with the problem of
H filtering design for a class of SMJSs with parameters uncertainties which based on some novel
integral inequalities and improving methods. The purpose of this paper is to design mode-dependent
singular filters such that the filtering error systems is not only robustly exponentially mean-square
admissible but also satisfies a prescribed Ho, norm level for all admissible uncertainties. A novel
stochastic Lyapunov function and a set of strict LMIs will be utilized to derive sufficient conditons
guaranteeing the desired filter can be constructed. Finally, a numerical example is proposed to
illustrate the effectiveness of the obtained results.

The main contributions of this paper include the following: (1). a comprehensive stochastic
Lyapunov function is constructed to reflect the information of Markovian jump modes and the
inherent state time-varying delays; (2). the difficult problem of design filtering parameters are
solved by utilizing several well-known matrix inequationsnonel integral inequations and convex
optimization technique; (3). the desired Ho filter design method can be extended to cope with fault
detection filtering and H., deconvolution filtering with more generally mode transition information
easily.

Notations: The notations are quite standard. Throughout this letter R™ and R™*™ denote,
respectively, the n-dimensioned Euclidean space and the set of all n X m real matrix. The notation
X > Y. (respectiveX > Y') means that X and Y are symmetric matrices, and that X —Y is positive
semi-definitive (respective positive definite ). Ls [0, +00) is square integrable function vector over
[0,400). ||| is the Euclidean norm in R™. I is the identity matrix with appropriate dimensions. If
A is a matrix , Amax (4) (respective Amin (A) ) means the largest (respective smallest) eigervalue
of A . Moreover, let (Q, F, (F})i>0,P) be a complete probability space with a filteration .(Fy):>0
satisfies the usual conditions (i.e, the filtration contains all P-null sets and is right continuous
). E{-} stands for the mathematical expectation operator with respect to the given probability
measure. Denote by L, ([—d2,0] : R") the family of all Fo measurable C ([—dz,0] : R")-valued
random variables ¢ = {¢ (s) : —d2 < s < 0} such that sup_,, .o F |l¢ (s)||> < co. The asterisk *
in a matrix is used to denote term that is induced by symmetry. Matrices, if not explicitly, specified,
are assumed to have appropriate dimensions. Sometimes, the arguments of function will be omitted
in the analysis when no confusion can be arised.

2 Problem Formulation and Preliminaries

Consider a class of SMJSs with time-varying delay and norm-bounded parametric uncertainties
described by the following model:

E(roz(t)=A{t,r)x(@t)+ Aa(t,re)z(t—d(t)) + B(ry) w(t)
y(t) =C(t,r)x(t) + Calt,re) z (t —d(t) + D (re) w(t) @1)
z(t) =L (t,re)x () + La (t,re) xz (t —d(t)) '
z(t)=¢(t), te[-dz,0]

where z (t) € R™ is the system state vector, y (t) € R™ is the measured output, z (¢) € R” is the
signal to be estimated, w (¢) € R? is the noise disturbance. The matrix E (r;) € R™*" may be
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singular, and it is assumed that rank (E (r;)) = r < n. ¢ (t) is a vector-valued initial continuous
function defined on the interval [—d2,0]. {7, ¢ > 0} is a continuous-time discrete state Markov
process with right continuous trajectory values in a finite set S = {1,2,---,s}. For notation
concision, for each r, = ¢ € §, a matrix E (r;) will be represented by F;, and the parameters in
system (1) are described as following:

A (t, T't) = Al —+ AAl (t) Ad (t, T"t) = Adi + AAdz (t) B (’I’t) = Bz
C (t7 Tt) = C»L + ACZ (t) Cd (t7 T‘t) = Cdi + Acdz (t) D (Tt) = Di (2.2)
L (t, Tt) = Ll —|— ALZ (t) Ld (t, Tt) = Ldi —|— ALdl (t)

Where E;, Ai, Adi, Bi, Ci, Cai, Di, L; and Lg; are known real matrices with appropriate dimensions
for each ¢ € S, AA; (t),AAq (t),AC; (t),ACq (t),AL; (t) and ALg; (t) are unknown matrices
representing the parameter uncertainties of the systems, which are assumed to be of the form:

AA; (t) AAa (t) M;;
ACZ (t) ACdZ (t) B Mzi Fi (t) [ le‘ Nzi ] (23)
AL; (t) AL (t) Ms;

Where Mu, Mgi, M37;, ]\~/'1¢ and Ngi are known constant matrices with compatible dimensions and
F; (t) are the uncertain matrices satisfying

Fr)F @) <I, YieS (2.4)

Remark 2.1 The matrices AA; (t),AAq; (t),AC; (t),ACq (t),AL; (t) and ALg; (t) are said to
be admissible if and only if both (3) and (4) hold. The parameter uncertainty structure as in (3)
is an extension of the so-called matching condition, which has been widely used in the problems of
control and robust filtering of uncertain dynamic systems.

In this paper, time-varying delay d (¢) is a differentiable function, satisfying for all ¢ > 0
di < d(t) < do d(t) <p (2.5)

Where d1,d2 and p are known positive constants.

The transition probability matrix II = 7;; (4,7 € S) is given by

. o WijA-i-O(A) if i#£7
Pr{"ﬂt*‘*A—]‘rt_Z}_{ 1+7T”A+0(A) Zf 'L:j (26)
Where A > 0, Aimo (0(A)/A) =0,m; > 0 for j # ¢ is the transition rate from mode ¢ at time ¢ to
—
mode j at time ¢ + A and 7m;; = — Y m;. In this paper, the aim is to design a filter to estimate
j=1
J#i

z (t), which is described as
Eiiy (t) = Agsxy (1) + Bray (1)
2y (t) = Crizy (t) + Dyay (1)
Where zy (t) € R"™ is the filter state vector, Ay;, By;,Cy; and Dy, are filter parameters with
appropriate dimension to be determined.

(2.7)

Connecting filter (7) to system (1), we can have the filtering error system:

Ex(t) = Ai(t) & (t—d(t) + Biw ()
2(t)=Li ()& (t) + La: (1) & (t — d(t)) — Dy Diw (¢)

—
=
N
+
S
U
&
—
=
N
2

S

Where
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i(t) = { ;f(ft)) ] A; (t) = Ai + AA; (1) = [ Biici Aoﬂ } [ Bﬁiic(f)(t) 8 ] Bi = [ BfZDZ
Aai (1) = A+ Aai (1) = { Bilgdi 0 } [ Biidcid(f )(t) 0 ] b= { o Eoi }

i (t) = [A/Z + A[Aq (t) = [ L;i — Dy Cy —Clyy } + [ AL; (t) — D C; (t) ] z (t)
i (t) = Lai + ALy (t) = [ Cai — DyiCai 0 |+ | ALgi (t) — DgiACai (t) 0 ]

~

Now, some definitions are needed throughout this paper.

Definition 2.1. [34]

(1). Filtering error system (8) with w (t) = 0 is said to be reqular and impulse-free for time-varying
delay if pairs (E, A; (t)) and (E, A; () + Ag; (t)) are reqular and impulse-free for Vi € S.

(2). Filtering error system (8) with w (t) = 0 is said to be exponentially mean-square stable, if there
ezist scalars a > 0 and b > 0 such that

Bl @) [é0),r0 } < ae™

2

o (1) (2.9)

da

for any initial conditions ¢ (t) € R*™ and ro € S.

(3). Filtering error system (8) with w (t) = 0 is said to be exponentially mean-square admissible,
if it is regular, impulse-free and exponentially mean-square stable for all admissible uncertainty in

(2).

Definition 2.2. [16] Given a scalar v > 0, the filtering error system (8) is said to be robustly
exponentially mean-square admissible with an Ho disturbance attenuation performance index v if
it is robustly exponentially mean-square admissible and any nonzero w (t), satisfies

E{/Ooo 2T () 2 (t) dt} < 72/000 wh (tw(t)dt (2.10)

Before proceeding further, we will introduce the following lemmas which will be played an important
role in the derivation of our main results.

Lemma 2.1. [35] For any constant matriz M > 0, any scalars a and b with a < b, and a vector
function z (t) : [a,b] — R"™ such that the integrals concerned are well defined, then the following
inequality holds:

Vabw(s)der[/:x(s)ds} < (b—a)/abe(s)Mx(s)ds (2.11)

Lemma 2.2. [37] For a given symmetric positive definite matriz P, and any differentiable function
w in [a,b] — R"™, then the following inequality holds:

[0 " (5) Peo (s)ds > 55 (= () = = (@) P (@ () = = ()]

135 [(=®) tw (@)~ 2 [Pw(s)ds)] P(m0) +w(a) ~ 2 [lw(s)ds)]  (212)

Lemma 2.3. [33] Let M, N and F be real matrices of appropriate dimensions with F (t) F; (t) < I,
where F' may be time-varying. Then, for any scalars € # 0, we have

MFN 4+ (MFN)" <eMM”" +¢'N'N (2.13)

zf (1)
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Lemma 2.4. [32] For any vectors X,Y € R"™, and positive definite matriz Q € R™*™, the following
inequality holds:
2XTYy < XTQX +YTQ 'Y (2.14)

Lemma 2.5. [36] Let Q (z) = QT (), R(z) = RT (2), and S (x) depend affinely on x. Then the
following linear matriz inequality

Qz) S(x)

ST(z) R() |”°

holds if and only if one of the following conditions satisfies:
(1) R(z) >0,Q(z) — S () R™" (x) ST (z) > 0;
(2) Q(z) > 0,R(z) = " (z) Q7" (z) S (z) > 0.

Lemma 2.6. [15] Suppose that a positive continuous function f (t) satisfies
J) <a sup f(s)+ e (2.15)
—dy<s<t

where € > 0, ¢1 <1, 2 > 0. Then, f(t) satisfies

f@ < ( sup  f(s)+ <72> e %t >0 (2.16)

—dy<s<t 1 —gefodz

3 Design of the H., Filter

In this section, we will analyze the exponentially mean-square admissible with an H., performance
level v > 0 of the filtering error system (8) at first, and give the following result.

Theorem 3.1. Given a scalar v > 0, the filtering error system (8) is exponentially mean-square
admissible with an Ho performance level v if there exist symmetric positive definite matrices
P, Q,Q1,Q2,Q3,Q3:, S, Si, Z1,Z2, Z3, and any real matrices My, N, (k =1,2,--- ,7), T; such that
for every i € S the following LMIs hold:

S
> Qs —Q <0 (3.1)
Jj=1
S
E mijS; — 8 <0 (3.2)
j=1
[ ®i11 iz Piiz Piia ;15 ETN  ETNT  @us LI (1) VdzNi  VdM;
* Qi22  Pi2z Pi2a P25 P26 Pio7 ®i28  Lg; (1) Vd2N2  VdM;
* * ®,;33 —M3E D35 D36 0 0 0 VdaN3  V/dM3
* * * D44 -BETMT  —ETMT D47 0 0 VdaNy  VdMy
* * * * D55 0 0 0 0 Vd3Ns  VdMs
@i = * * * * * D66 0 0 0 Vd2Ng VdMg | <0
* * * * * * D77 0 0 Vda Ny  VdMr
* * * * * * * P;g8 D39 0 0
* * * * * * * * —I 0 0
* * * * * * * * * —Z3 0
* * * * * * * * * * —Z3
(3.3)
Where

~ ~ ~ ~ ~ ~\T A — A
P11 = (ETPi + TiRi) A (t) + AT (b) (ETPi + TiRi) + ETPE 4 doQ + Q1+ Q2 + d1Qs + Qs
+dSi+ 5 (3 —di) S — £ETZE+ NiE + ETNT + AT (t) ZA; (1)
D10 = (ETPZ =+ Tzél) Adi (t) — NlE + ETNQT + M1E —+ Af (t) ZAdi (t)
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Qua= BTN = ME @5 = SETZLE+ BTN us = (ETP,- n TiR,-) Bi + AT (1)
iz = — (1 — 1) Qsi — gETZ2E: — NoE — ETNY + M%E + ]?TM?T + AL (1) Zfidi (t)
®ios = —2E" ZoF — ETN{ + ET My ®ioa = —2E"ZoF — ETN{ — MaFE + E" M
05 = —ETNT + ETMT Ding = SETZ,E — BTN + ETM{
Dinr = SETZ,E — ETNT + ETMT Digs = —Q1 — +E"ZE - $ET Z,F
Biz5 = %ETZlE Diss = S ETZ.F Pigg = —Q2 — SETZoE — MyE — ET MY
Our = FETZE - E"M{  ®iss = —BETZE— Qs ®ico = — 58 — BETZE

1
Qi = —%EATZQE — %Sl Pig9 = —DZTD?, P13 = —%ETZ1E + ETN?,T
Dios = AL (t) ZB; Piss = —*1 + B ZB; d=dzx—di P =73 ;P

j=1

Z=diZy +dZs +dsZs RE =0 (R € R2<”*T>X2”)

Proof. Firstly, we will show that the filtering error system (8) is regular and impulse-free. From
(19), it is seen that

~ ~ “ ~ ~ ~N\T A= A ~ ~ ~ ~
(ETPi + T,-Ri) Ai () + AT (1) (ETPi + TiR,-) +ETPE - diETzlE+ ME+ETNT <0 (3.4)
1

It is known that there exist two nonsingular matrices G and H, such that

- I, 0 v 1 P Py 4 Ainn Az
EH = P,L = A,L t H = ~ ~
¢ { 0 0 ] ¢ ¢ { * P } GA: @) [ Aio1 Asao
T A A Aginn - Aginn Q3411
HTT, = R=[0 U|G GAu(t)H=| " - HTQsH =
[ T2 } [ ] a (1) [ Agizr Adizz ] Qs [ *

Where U is any real nonsingular matrix. Now, we will Pre-multiplying and Post-multiplying the
(20) by H” and H, we can have
ToiU Az + AL UTTE <0 (3.5)

which implies A2z is nonsingular. Then, for ¢ € S, pair ( E A (t) ) is regular and impulse-free.
Moreover, from (19), we can obtain that

T
I D11 Dire 1
][] e )
which implies

(Az (t) + Aa; (t)) (ETPi + Tzf?) + ((Az (t) + Ag; (t)) (ETPi + TiR))T + ETPE

ME+ ET" M + Mo E + ET M) — diETzlé - SE"Z,E <0 (3.7)
1

Similar to (20), it is concluded from (23) that pair ( £ A; (t) + Ag; () ) is regular and impulse-
free for ¢ € S is regular and impulse-free for ¢ € S. Then, filtering error system (8) is regular and
impulse-free for any time-varying d (t) satisfying (5).

Now, we will show filtering error system (8) with w (t) = 0 is exponentially mean-square stable.
Now, choose a stochastic Lyapunov function candidate for the filtering error system (8):

Vi (re,i,t) = 27 (t) ET P (r) B (t) (3.8)

7B,

Q3i12
Q3i22

|
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VQ(rt,i,t)—/t_d 7 (s) Quz (s )ds+/t_d 2T (s)szfc(s)ds/t » 27 (s) Qs (re) 2 (s)ds  (3.9)

3 (re,i,t) = / / $) Qs (s dsd9+/ / s) dsdf (3.10)
dy Jt+6 do Jt+6
—dy t —dy
4 (reyiyt) = / / 27 (s) S s) dsdf + / / / s)dsdvdd (3.11)
t+6 t+v

(re,1,t) / / E Zle( dsd9+/ / E ZzEx( ) dsdf
dy Jt+60 t+6

/ / s) ET ZsEx (s) dsdf (3.12)
do Jt+0
Then, we define the following weak infinitesimal operator L:

LV (re,it) = giinoi [EA{V (@esn, 6 (t+A) b+ A) | =14) =V (re,4,8)}] (3.13)

So, it can be deduced tl}at formeach ie8 . R .
LVi (re,i,t) = 227 (t) BT PEx (t) + 27 (t) ETPE# (t) 4+ 227 () TiRi E'x (t)
(t

=27 (t) (BTP+ Tik:) (Ai ()3 (0) + Aa (02 (¢ = d (1)) + 37 (1) BT PE (1)
:QET(){(ETPJFTR) AT (t (ETP+TR) }:i"(t)+i’T(t)ETI3E‘§:(t)
+237 (1) (B"P + TR, Adm (t—d(1))
LVa (re,i,t) < 27 (8) (Q1 + Q2 + Qz:) & (1) — T(t*dl)QlfB(t*dl) &7 (t — do) Q1 (t — do)
— (1= W) &7 (¢ — d (£) Quid (t — d (1)) +ft,d<t)ch (s)];mjc?gj:%(s)ds
LVs (r1,i,t) < o™ (1) Qi (t) + Qs — [ M $) Qi (s)ds — 3= [/, &7 (s)dsQs [}, &(s)ds
LV (r4,i,t) = d27 (t) Side () + (d2—d2) ()Sm()— T (s) Sid (s) ds
f ft+0 T Zm] S (s f ft+9 AT (s) Sz (s)ds
= S0 AT (5) Sid (s)ds = — :_j%T<s> - - j(; i1 (s) Sid (s) ds
< fé tidj(t) s)dsS; /t O dsff/t i s)dsS; tt;::ﬁ(s) ds

LVs (riyiyt) =27 (t) BT ZEx (t) — [\, 2" (s) BT Z1Ex (s) ds — ["}\""s™ (s) B Z2Ew (s) ds
— S = ETZgEx( dsfft_d;xT( )ETZgE“m( )ds
Now, from the Lemma (2.2), we can have

— [T (5) BT 21 B (s) ds < — - [(:z(t)—gz(t—dl)) ETZ.E (2 (t )—;ﬁ(t—dl))]

t—dq
_dil :%(t)+:i’(t—d1)—d21/tt_dli(s)ds]TETZlE[i(t)—}—x(t—dﬂ—d21/tidlfc(s)ds} (3.14)

SAONT (5) BT Z, B (s)ds < — 1 [(5: (t—d (1) —&(t —do))T ETZoB (& (t — d (£)) — 2 (t — d2))]

T Jt—dy
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T

3| R 9 [tedt) .
-5 [x(t—d(t))+m(t—d2)—dl Z(s)ds| E'ZFE

t—d(t)
:E(t—d(t))—s—ﬁc(t—dg)—z/t gf:(s)ds]

—dy
(3.15)

— JiTi T (s) BT Zo B (s) ds < [(:@(t—dl)—:e(t—d(t)))TETZQE(@(t—dl)—@(t—d(t)))]

QU

T

3 2 t—dq o R 2 t—dq
—— |2t —d®)+z(t—di)— Z(s)ds| E"ZE |2(t—d(t)+&(t—dy)— Z(s)ds
d d t—d(t) d t—d(t)
(3.16)
Next, it is seen that two equations as follows are held for the any matrices N and M
A A t A
2T (t)N | Ei (t) — Ei (t — d (t)) —/ Fr(s)ds| =0 (3.17)
t—d(t)
. A t—d(t)
2T (t) M |Ez (t — d (t)) — Ed (t — d) 7/ Fr(s)ds| =0 (3.18)
t—ds
Where N=[ Nf Ny Nf NI NI N§ NPT
[ M Mg oMy M oMP oME ME )T
T
Ct) = [37 (0,87 (t—d(8), 37 (t— i), @7 (t = da), [}, &7 (s)ds, [, &7 (s) ds, [0 &7 (s) ds]
Now, from the Lemma (2.4), we can obtain that
t A t . ~ A
-2 ()N Ex(s)ds < do¢T () NZ3'NTC () + / 2T () ET ZsEx (s)ds  (3.19)
t—d(t) t—d(t)
t—d(t) P t—d(t) . L.
— o ()M / s)ds < dc™ (8) MZ3 M7 ¢ (t) + / W (s) BT ZaEix (s)ds  (3.20)
t—do
So, when w () = 0, we obtain
LV (re,i,t) < ¢ (8) (cb; +doNZ;'NT + dMZ;lMT) 20 (3.21)
Then by the Schur complement Lemma (2.5), we can find that (19) guarantees
O+ doNZy 'NT +dMz;'M" <0
Thus, there exists a scalar § > 0 such that for i € S
LV (re,i,t) < =8 (t)]? (3.22)

Next, we will show that filtering error system (8) with w (¢) = 0 is exponentially mean-square stable.
Because A;22 is nonsingular for i € S, then we introduce some new matrices as follows:

s [ L 0O - [ 1 —AmAm ctr [ e O
epn= 5 0] e-|y ] e[ 0
_ A1 O = 2 Aaint Adirz
GA; (t)H = | 5 GAg ) H = | 5 fu 3.23
®) [ Ain 1 ] ai (1) { Adgiz1 Adiz2 } ( )
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where A1 = A1 — AilQA,'_QIQAAle»Ain = _AAi_QéAin
Set
Z(t) = [ 21 (1) } — H'% (1)
T2
then for all ¢ € S, the filtering error system (8) with w (t) = 0 is rewritten as
w1 (1) = A (8) + Aaind (¢ — d (1)) + Aginadz (¢ — d (1))
— = Ai21%1 () + Agioa®1 (t — d (b)) + Agizeda (t — d(t))
¢(t :Hil(b(t)v tE[—dz,O]
Base on the definition of V (r¢,i,t), we can obtain
V(re,ist) > 2" () ETPEZ(t) =z ) H' ETGTG T P,GT'\GEHZ (t) > k1 (t) &1 (1)

where k1 = min {Amin (P1i)}

Now, we consider the (38) and (41), which implies that

(3.24)

(3.25)

[T BV (reis )y di < [T B {—52" (t)ﬁc(t)}dt:—éfoTE{{ o 8 } HTH[ #1(1) & (1) ]}dt

then, it is seen that

k1B {|&1 ()] |21 (0) .m0 } < E{V (2(0),70)} — 6Amin (H" H) fOT E{|21 (t)]*} dt

(3.26)

(3.27)

Now, by the Gronwall-Bellman Lemma to (43), we can obtain that there exist a positive scalar ko

such that

S min (T H)

E{ji () 181 (0), 70} < mae” 1 ' (0)]?

which implies that #1 (¢) is exponentially mean-square stable.

From the (19), we know that

H 01" [ @m @ [[H 0] _,
0 H * <I>7;22 0 H
which implies that

{ ToiUAizs + AL UTTE + Qsine ToiUAszo

<0
* —Q3i22 ]

Similar to the [9], we can have k3 = max {|Aia22]} < 1 and from the (40), we can obtain

Eflz2 (O} < FGBE{ sup |is (s)|} ¥ rge ot

—do<s<t
where

do 6)‘Inin(HTH)

2 A Px——" 2

H4=\/H2m€asx{‘x4i21 , Adi21‘}¢(0) 1+e? ~1
1
SAmin (HT H)
K5 = min #,56 (/%- € {I{ ‘0 < Kze"®2 < 1})

(3.28)

(3.29)

(3.30)

(3.31)

10
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By utilizing the Lemma 2.6, we can have

~ ~ R4 —K5t
E 1)} < S _— 5 3.32
(a0 < (_swp_Jaa ()] + Tt ) e (3.32)
which implies that &2 (¢) is exponentially mean-square stable. So, at this time, we have concluded
that the filtering error system (8) is exponentially mean-square admissible for Vi € S.

Now, we will show that the filtering error system (8) with an H., performance level . Thus, for
the nonzero w (t), we define the equality

G=E { /O - (z? (t) 2f () — 7w (B w (t)) dt} (3.33)

noting the zero initial condition and from the (19), it is easy to see that

G<E{f;" (27 (1) 27 () = 7*w" (Dw (1)) di} + E{V (feo,700)} = E{V (0,0)}

ZB{[F [ () 2 (1) — P (8w (1) + LV (revis )] dit} < 0 (3.34)

which implies that filtering error system (8) with an H. performance level v has been established.
The proof is complete. [

Next, we will give a solution to the desired mode-dependent filtering for (7).

Theorem 3.2. Given a scalar v > 0, filtering error system (8) is robustly exponentially mean-
square admissible with Hoo performance over admissible uncertainty (3), if there exists positive
matrices P;, Q,Q1,Q2, Q3,

Qsi, S, Si, Z1,Z2,Z3 , positive scalar €, and any real matrices My, N, (k =1,2,---,7), T; , W;, Vi,
Ari, Bri,

Cri, Dpi such that for every i € S the following LMIs hold:

Qi —Qu Qb — Q2 }
= <0 3.35
[ * @32 — Q22 (3.35)

S11—S11 S12 — Sio
5 0 3.36
[ * S22 — S22 } < ( )
. T
{ =itemaz o ] <0 (3.37)
* —€

where Z; = Zj1ax12
Eix1=WiIAi(t) + AT () Wi+ E"PE 4+ daQ + Q1 + Q2 + d1Qs + Qsi + dSi + § (d3 — di) S
- %ETzlE + N E+ ETNT
Sixe = EP, + TyR — wi + ATVZ Hilxz = WI-TAE —N\E+ET'NS + M E
Silxa = —;TETzlE + ETNFT Ziixs = ETNT — MiE  Sixe = %E‘TZlE + ETNT
Eixr = ETNE Eixs = BTN Zixo=WTB: Ziixi0 =L Eixii =V
Silx12 = VdM, Sioxo = —V; — VZ'T +Z Eipxsz = ViTAdi Eioxg = ‘/'LTEZ
Hiaxa = Siaxs = Ziax6 = Diax7 = Si2x8 = Zi2x10 = Si2x11 = Ziex12 = 0
Bisxs = — (1 — 1) Qsi — SETZ2E — NoE — E'NJ + Mo E + ET MY
Sisxa = —2ETZ,E — E'NY + ET"MY  Eisxs = —2ETZFE — ETNI — MyE + E" MY
Zi3x6 = —ETN5T + ETM5T EigxT = d%ET22E — ETN(T —+ ETMg
Zizxg = %ETzzE —ETNF + ET™M?  Zizxo=0 Eixio = LT Zisxi1 = VdaNa

E7.'3><12 = \/&Ml E'L'4><4 = _Ql - %EA‘TZIE - %ETZQE Ei4><5 = _M3E E2'4><6 = %ETZIE

11
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Biaxt = SETZ0E  Ziaxs = Siaxo = Biax10 =0 Siax1 = VdaN3  Ziaxiz = VdMs

Eisxs = —Q2 — %ETZ2E ~ MyE — ET"M]  Eisxe = —E"MT  Eisxr=-ETM{E

Bisxs = S ETZE — E"TM{  Sisxo =Eisx10 =0 Zisx11 = Vd2Na  Eisx12 = VdMy

Siex6 = —%EATzlE - (TllQ3 Ziox7 = Zioxs = Ziexo = Ziox10 =0 Ziex11 = v/d2Ns

Ziexiz = VAMs  Sirxr = _%Si - %ETZQE Eirxs = Zirx9 = Zirx10 =0 Eirx11 = Vd2Ne
Eirxiz = VAMs  Eigxs = —éSi - %ETZ2E Eisxo = Zisx10 =0 Zisx11 = Vd2 N7

Eisxiz = VAM7  Eigxo =
Sitox11 = Zitox12 =0 Eiixir = =23 Siaxi2 =0 Sjiexie = —Z3
ar = [M{EW;, Mi3V;i, 0,0,0,0,0,0,0, M%,0,0] "

az = [N1:,0, ¥2:,0,0,0,0,0,0,0,0,0]  RE, =0 (R e R""7"")

=Yl Eigxi0=—D; Dy;  Eigx11 = Eiox12 =0  Eirox10 = —1

] e Mli Y P — Y P . Y . \ . — N7 . \T P— N7 .
Mlz - |: Bf1M21 :| M2z - Mdz Df’LM22 le - [ le 0 ] N27, - [ N27, 0 ]
Let
r_ | W & r_ | Vi X ~_ | Bi 0 ~ | R O
R e R A N N S S Y
5 QY Qi e [ S Sie = | Pu Pro
@s = =1 mij Qs = { 259 5= ]; i3 S x  Soo B x Py
| T T Piii o Pia | Quu Q2 St Si
Ti= |: Tis  Tia :| b= [ * P :| @= |: * Q22 Si= * S
o Nj1 0 o M1 0 . . S11 Si2
NJ - [ 0 Nj :| MJ - |: 0 Mj2 :| (.7 - 1727 7) - |: * 522 :|
QY VAL A Qb
= k1 =1,2,3) Zp, = ko =1,2,3 i = i
. I O R A B A L R e 1
en, . i
Siixk = [ Tilxk Zilxk } Lk=1,2,---12
* Silxk

Bl = WA + (WliAi)T + BriCs + (BFiCi)T + EFPiE; + Q1 + QY + diQ31 + Q% + daQua
+dSi1 + 5 (d3 — df) Su1 — ;TE;'TZ%lEi + NuE; + (N E;)"

Efix1 = Api + A] Wa; + C Bl + Ef PuuEi 4+ Qlz + Q2 + diQ1z + Q15 + d2Q12 + dSiz
+% (d% - d%) Si2 — %E?Z%in

21 = Api + AL + El PosEi + Q35 + Q35 + d1Q35 + Q3% + d2Q22 + dSis + 1 (d3 — d7) S22
— %E;'TZ212E1' + NioE; + (N12Ei)T

— EfPai +TiuR— Wi + ATVE + C;TB;Z- EfPas+ TR — X + ATV, + C’;TB;,-
S = { El'Pis+ TisR — Wai + Af, El' Py + TuR — X + AL, }
= [ Wi;Aq; + BriCai — NuE; + ET N, + M E; 0

e { W2iAai + BriCa; —N12E; + Ef Ngy + M2 E; ]

—+ Bl Z1Ei + Ef N3\, — 2 Ef Z3,Ei, Ef Niy — M1 Ei,0
—2 BT (Z1)" Bi,— 2 E] Z3,E: + ET Nb,0, ETN], — M1 E;
_ [ SETZNE -+ BTN, B ZhE, BTNG,0
| Eie S ] = [ S BT (21)" B, BT ZE, + B N0, ET NG ]

EINE,0,W1;B; + Bri Dy, LT — CT DE, }

[ Bitxa Baxs | =

[ Bixs Eiixo Eiaxio | = {

0, EZTN7T2, WoiBi + BFiDi, —C}a?l
[ Biixn1 Bixiz | = [ Vd2Nu 0 VM, 0 ]
0 Vda N1z 0 VdM;is
= | “Vu- Vi + di 2t 4+ doZ3y + dZ3, — Vo — X + di 2y + do Z3s + dZ7s
X2 = { w« =X — X v di 2% + daZ3y + dZ2, }

12
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Si2x3 =

ViiAai + BriCai 0 = | VuBi+ BriD;
VaiAgi + BriCai 0 =29 7| VouB; 4+ BriD;

Sixz =—(1—p) Q% — %EiTZfiEi — Ny E; — (N21Ei)T + Mo E; + (M21Ei)T

E123x3 =—(1-p :fé - %EiTzlzin

=3 3i 8 T 2 T T

Eiaxs = — (1 — ) Q35 — §E; Z3Ei — N22 By — (N2 Ei)” + Mao By + (Moo E;)

-~ [ -%2El'Z}E: - Ef N3, + Ef M3, —2E] Z{,E;

T { —2ET (z%)" Ei —2ET23%,E; — ETNL + ET M4, ]

= . —%EiTzflEi — EFNJ, — M2y E; + ET M, —%EZTZ%QEE

e { —2BT (23)" E; ~2ET 73, E; — ETNL — MaxE; + ETME, ]
- - _ —E{N& + EI' M$1,0, S El Z}, E; — EF N§, + Ef M&,, S E] Z3, E;

[ Sixe Baxr ] = { 0,—Ef N& + BT M%, SET (7%)" B, S EF 7Z3,E, — EF NG + ET M ]

[ Zisxs  Zi3x9  Zi3x10 ] = { d%EiTGZflTEi - E%TN% - EZTM7T17 d%E?Z%QE“QLE; - CCZZD% }
=Ei (Z122) E;, d%EiTZQQQEi — Ef' N}y + Ef' M75,0,0

= = _ [ Vda N2y 0 VM 0 ]
[ Si3x 11 S43x12 ] = 0 Nz 0 VdMas
-~ | “Qu - FElZ\LWEi - JE{ Z}HEi —Qiy — 3Bl ZhEi — JE] ZHE;
e x —Qiz — Bl Z3,B; — $E] Z5 B

—Ms31E;, 0, %E?lelEi, %E?lein, %E?Z%lEi, %E?Z%QEi
0, ~Ms2Br, 5 BT (Z4)" Ei BT 2B, G BT (2%)" Bi, 5 BT 23, B
Vd2N31 0 VdMs, 0 ]
0 V/d2 N3z 0 VdMss

[ Biaxs Biaxe Buxr | = {

[ Buaxui Baxiz | = [

= { -Qi1 — %EzTZlQlEi — MuE; — (M E;)T -Q3%, — %EiTZ%QEi }
e * —Q3y — 2Bl Z3,E; — MusE; — (MsoE;)"
Si5x6 Si5XT7 S5 x8 | & T
: : : 0, B M,0,—El Mds, HEI (Z8:)" Ei, s Bl 23, Ei — E] M7,

[ Vd2Na 0 VM 0

L 0 \/d2N42 0 \/gMALQ i
. { ~:Qh - BETZhE: ~1Q% - BEI LB,
—16X6 —

[ Eisxi1 Eisxi2 | =

1
* —%QL;)Q - %EZTZ%QEi
[ /d2Ns1 0 VdMs, 0 ]
L0 VN2 0 VdMss |
St — BEIZHE; S — B ZHE,; ]

[ Eiex11  Eisxi2 | =

&l

* —gsig - BElZ3E;
[ \/d2Ne1 0 VdMe, 0 |
L 0 V/d2Ne2 0 VdMes |
[ VdaN7 0 VdMr7y 0 1
0 Vdz N7 0 VdMzy |

Eirx7 = Eigxs = [
[ Eirxn1 Eirxaiz | =

[ Eigx11  Zisx12 ] =

~Zh —Zi
* —Zgg

- 2 - T T - - -
Sioxg = =y 1  Eioxi0 = —D; Dp; Hiox1i0 = —I  Eiixi1 = Siiexie = [

Now we can find that there exists a mode-dependent filter (7) such that the desired mode-dependent
filter realization is given by

Api=X7'Ap;  Bp =X 'Br; Cp=Cr Dy =Dp (3-38)

Proof. Let the matrix =; (¢) is expressed as the uncertainty form of matrix Z;. Now, we consider
the matrix

13
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I AZT On>< 10n

O1onxn @3  JTionxion

U, () = (3.39)

11nx12n
where oz = ( Adi (t) Onxsn Bz Onx3n )T

Pre-multiplying and post-multiplying Z; (¢) by the matrix ¥; (¢) and its transposition, respectively.
Then, we can find that for Vi € S such that

O =W, () Z; (¢) U] (t) (3.40)
hold. So, if Z; (t) < 0 implies ®; < 0. Furthermore,

=i (t) ==+ F; (t) ag + OézFiT (t) Ot? (3.41)

Based on the Lemma 2.3 and Lemma 2.5, we can obtain that =; (¢) < 0 is equivalent to the (53)
holds. Thus, connecting with (51)-(53), we can obtain (17)-(19). At the same time, the parameters
of the desired mode-dependent filter in (7) are written as (54). This completes the proof. O

Remark 3.1 From the Proof of the Theorem 3.2, we can find that the matrix (55) plays a very
important role in our discussion. As well known, if we want to obtain the optimal filtering gain
matrices, the key step is how to divide the nonlinear terms, so, this is why we introduce the matrix
(55), which makes our proof more easily.

Remark 3.2 It should be point out that the likelihood to obtain the complete knowledge on the
transition probabilities is difficult and the cost is probably high. Thus, in order to more accurately
describe the practical problem, we need to further study more general Markovian jump systems
with incomplete transition descriptions. Based on this consideration, the idea and method in this
paper could be extended to cope with the singular Markovian jump systems with partly unknown
transition rates.

Remark 3.3 It is worth mentioning that in most of the works about Markovian jump systems
with mode-dependent delay, the delay mode is assumed to be the same as the system matrices
mode. But this is natural in modeling of real systems, the delay mode may not be the same as that
for jumps in other system parameters, that is, variations of delay usually depend on phenomena
which may not cause abrupt changes in the other systems parameters. Thus, discussing of the
work about singular Markovian jump systems with different system modes is not only theoretically
interesting and challenging, but also very important in practical applications. So, this problem will
be considered in our future work.

4 Examples

In this section, we shall give an illustrative example to demonstrate the effectiveness of the proposed
method. Firstly we consider the transition rate matrix II with two vertices and singular matrix
Ei,i S S:

—0.6 0.6 10
H*{ 0.8 —0.8} Ei*{o 0]

Secondly, we introduce the following parameters into the error system (8):

04 —1.2 05 —0.3 0.2
Al_{ 0 —0.3} Adl_[m —0.8} Bl—[_oﬁ} Ci=[06 0]

14
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Ca=[06 —06 ] Dy =02 Li=]03 09 ] Li=[ —03 01 ]

-0.1 0.7 —0.6 05 0.1
Az = [ -04 -13 ] Aaz = [ 02 -08 ] By = { 0.5 } Cy=[-03 -0.1]

Caa=[08 —01 ] Dy =0.3 Ly=1]03 —03 ] Lip=1] —05 02 ]

. . 0.5 - . . .
M11:M12:|: 702 :| M21:M22:M31:M32:0~1

Nip=Nip=[01 -01 ] Noy =Ny =1[02 04 ]

and matrix R, which satisfying RE = 0

R=[0 1]

Let di = 0.1, d2 = 0.5, u = 0.5. Solving LMIs (51)-(53) in Theorem 3.2, we obtain the minimum
feasible v* = 0.2143, and by solving equation (54), we obtain the parameters of the desired filter
(7) as follows:

—0.0038 —0.1517 0.0017
Ap = { 00165 —0.1161 ] B = [ —0.0142 ] Cr1=1[02370 06125 | Dj = —0.0167

(4.1)

—0.0243  —0.0069 —0.0092
Afz = { 00144 —0.0081 ] By = { —0.0180 } Cpp=[ —0.0331 —0.0101 | Dy = —0.1143

(4.2)

Remark 4.1 Based on the Theorem 3.2, we can get the corresponding filter parameters for different
values of v and dsz, meantime, Table 1 shows the minimum performance v* in terms of the feasibility
of (51)-(53) for different d2. Obviously, form the Table 1, we can discover that the more larger upper
bound of time delay d (t), the more poor performance of a system, that is, it will worse disturbance
attenuation performance level ~*.

In order to show the effectiveness of the filer system (7) with parameters (58) and (59), let initial
conditions x¢g = [ 0.1 -0.1 ]T, Tfo = [ 0.2 —-0.5 ]T, the simulations of system mode r,., system
state x (t), filter state ¢ (t) and error estimation signal 2 (t) are demonstrated in Figures 1, Figures
2, Figures 3 and Figures 4, respectively, which show the validity of the presented results.

15
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The state response

System mode

)

—

1 1 1 1 1 1 1 1 1

0 05 1 15 2 25 3 35 4 45
times|s]

Fig. 1. system jumping mode r;

0.1 T

ll(t)
- -yl

0.05

005 I I I I I I I I I
0 05 1 15 2 25 3 35 4 45

times[s]

Fig. 2. The state responses of z; (t) and zs (t)
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(t)
= —a(t)

The state response

0 05 1 15 2 25 3 35 4 45 5
times|[s]

Fig. 3. The state responses of x> (t) and z2 (t)

01 4

0.08 b

0.04 i

0.02 b

The estimation response

-0.02 :
0 0.5 1 15 2 25 3 35 4 4.5 5

times|[s]

Fig. 4. The estimation error response of 2 (t)

Table 1. Calculated the minimum ~* with different d-

da 0.5 0.7 0.9 1.2 1.5 1.6 1.8 2.0

~* 0.4143 0.4145 0.4148 0.5349 0.5517 0.6152 0.6654 0.9155
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5 Conclusion

In this paper, the exponential Ho, filtering design problem is investigated for a class of uncertain
singular Markovian jump systems with time-varying delay. A mode-dependent desired filter has
been designed, which ensures the filtering error system is not only exponentially mean-square stable,
but also satisfies a prescribed Ho.-norm level for all admissible uncertainties. The obtained result
is presented in terms of LMLs, which depends on the bounds of the time-varying delays and can
be obtained easily by using Matlab LMI Toolbox. Finally, a numerical example is employed to
demonstrate the feasibility of the proposed approach.
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