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Abstract

In this paper, we establish the closedness and convexity of the fixed point set of asymptotically
demicontractive mappings in the intermediate sense introduced by Olaleru and Okeke
[Convergence theorems on asymptotically demicontractive and hemi-contractive mappings in the
intermediate sense. Fixed Point Theory and Applications 2013, 2013:352]. We also establish the
equality of the fixed point set and asymptotic fixed point set.
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1 Introduction

The classes of asymptotically demicontractive maps and asymptotically hemicontractive maps
were first introduced in 1987 by Liu [1], and they properly contain the class of asymptotically
pseudocontractive maps and asymptotically strict pseudocontractive maps in which the fixed point
set F(T) is nonempty. Xiaolong et al. proved some convergence theorems on asymptotically
pseudocontractive mappings in the intermediate sense [2]. Zhang gave a strong convergence criteria
for the class of the mappings [3].

In 1991, Shcu introduced the class of asymptotically pseudocontractive maps [4].

In 2013, Olaleru and Okeke introduced new classes of nonlinear maps; asymptotically demicontractive
mappings in the intermediate sense and asymptotically hemicontractive mappings in the intermediate
sense as generalizations of the classes of asymptotically demicontractive mappings and asymptotically
hemicontractive mappings, respectively [5].

Zhou [6] showed that every uniformly L-Lipschitzian and asymptotically pseudocontractive mapping
which is also uniformly asymptotically regular has a fixed point. Moreover, the fixed point set is
closed and convex.

In this paper we show this same properties for asymptotically demicontractive mapping in the
intermediate sense which is a more general map.

2 Preliminaries

Definition 2.1. Convex Set
A subset C' of R is said to be convez if for all z,y € C, we have Az + (1 = A\)y € C for 0 < A < 1.
In what follows, we shall define C' as a convex subset of a Hilbert space H.
Definition 2.2. Fixed point set [7]
We define the fized point set F(T) set of amap T : C — C as
FT)={2€C|Tz=2x}.
Subsequently, we shall simply write T" for T': C — C.
Definition 2.3. Asymptotic fixed point set

A point p € C is called an asymptotic fized point of T if there exists a sequence {z,} C C which
converges weakly to p and {x, — Txn} ., converges strongly to 0. The set F'(T') of all such point
p is called the asymptotic fized point set.

Definition 2.4. L—Lipschitzian map [8, 9]

T is L— Lipschitzian if
| Tz—-Ty|[<Llz—yl (2.1)

for some constant L > 0 for all z,y € C and it is uniformly L— Lipschitzian [5] if
IT"x —T"y|| < Lljz — y|
for some constant L > 0 for all n € N and z,y € C.

If 0 < L <1in (2.1), then T is strictly contractive but nonexpansive if L =1 in (2.1) [8].
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Definition 2.5. Quasi-nonexpansive [8]
T is said to be quasi-nonexpansive if F(T') # () and
[Tz —pl| < |z —pl|Vp e F(T), zcC
Definition 2.6. Firmly nonexpansive [8]
T is said to be firmly nonexpansive if
Tz —Ty|| < (x —y,Tx — Ty)Vz,y € C.
Definition 2.7. Strict pseudocontractive [5/
T is strict pseudocontractive if there exists k € [0,1) such that
1T = Ty|* = llo = y|I* + &l (z = T2) = (y = Ty) || Va,yeC (2.2)
Definition 2.8. Asymptotically nonexpansive [10]

T is asymptotically nonexpansive if there exists a sequence {kn} with k, > 1 and limk, = 1 such
that
IT" % — T"y|| < knllz —yll (2.3)

for all integers n > 0 and z,y, € C.
Definition 2.9. Asymptotically strict pseudocontractive [11]

T is asymptotically strict pseudocontractive if there exists a constant k € [0,1) and a sequence
{kn} C [1,00) with k, — 1 as n — oo such that

IT"e = T"y|I* < knllz —ylI* + k| (I =T") 2z = (I =T")yl*>  Va,yeC. (2.4)

Remark 2.1. If ky, = 1and T" = T for alln € Nin (2.4), we have the class of strict pseudocontractive
mappings as in (2.2) and if k = 0, we have (2.3).

Definition 2.10. Asymptotically strict pseudocontractive in the intermediate sense [12]

T is Asymptotically strict pseudocontractive in the intermediate sense if there exists a constant
k €1]0,1) and a sequence {k,} C [1,00) with {k,} — 1 as n — oo such that

limsup sup_ (|72 — T[> ~ kullz — yl* k| (I = T")a — (I ~T")y|?) <0.  (25)

n—oo z,yeC

Define

(n = max {0, sup (| T"x = T"y|* = kalle =yl = k| (I = T") 2z — (I = T") y||2)} :

@,yeC
Then it follows that ¢, — 0 as n — oo and (2.5) becomes
17" = Tyl < kalle = yll® = KL= T & = (I = T") > + G, (2.6)
Vn>1, z,ye€C.
Clearly, if ¢, = 0 for all n > 1 in equation (2.6), then we obtain (2.4).

Definition 2.11. Asymptotically demicontractive mappings [11]
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T is asymptotically demicontractive if there exists a sequence {a,} such that lim a, = 1 and
n—oo
0<k<1
IT"x = p|* < aplle = pl* + k|l = T"2||* VneN, zeC, pe F(T) (2.7)

Definition 2.12. Asymptotically demicontractive in the intermediate sense [5]

T is asymptotically demicontractive in the intermediate sense if there exists a sequence {a,} such
that lima, =1land 0 <k < 1if
n—oo

imsup  sup (7" —p|® — a2l — p|* — kllw = T"2|*) <0,V (&,p) € C x F(T).
n—oo (z,p)ECXF(T)

(2.8)
Observe that on setting
n 2 2 2 n 2
o = max {o, sup (1T = pll” — a2z — p|I* — klle — T )} (2.9)
(z,p)ECXF(T)
for which lim v, = 0, (2.8) becomes
n— oo

1T = plf? < a2lle — pl* + kllz — T"alf” + vn (2.10)

Remark 2.2. If v,0 V n then (2.10) becomes (2.7).

In order to prove our result we need the following lemma:
Lemma 2.1. [8/Let H be a real Hilbert space and z,y € H with 0 < X\ <1, then

1Az + (1= Nyll* = Allzll + (1 = Mllyll = A1 = V]lz -y

3 Main Results

Theorem 3.1. Let H be a Hilbert space, C' a nonempty closed and bounded conver subset of H
and T : C — C be uniformly L-Lipschitzian and asymptotically demicontractive mapping in the
intermediate sense. If F(T™) is nonempty, then F(T") is closed and convex.

Proof. Suppose {z,} is a sequence in F(T™) which converges to z, we shall show that € F(T").
Consider

Tz — x||?
I |

Tz — T" @ + T "z — z||?,
(IT"2 = T"@nl| + | T" 0 — 2|])*,
Tz — T"xn||® + | T w0 — z||* + 2||T"x — Tz, ||| T "z — x|

INIA

Since z, € F(T") and T"x,, = x, then
IT"z — ||* < |T"x — znl® + &0 — 2| + 2| T"2 — T"2u |2 — =],
and since T is L—Lipschitzian then

1T 2| < T —@al® + llzn — |* + 2Lz — 2nlllen — 2],
IT"2 = znl|* + (1 +2L) ||z — 2],
< anlle = zal” + ke — Tl + v + (14 2L) [l — 2,
A—k) Tz —z|*> =< (1+2L+ai) llzn — z|*> 4 vn,
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So that as n — co,x, — = and v, — 0, we have

11—k Tz —z|> — 0,
= T'z=2 = z€F(T").

To show that F(T™) is convex, consider

z2=Ap1+ (1 —XNp2 p1,p2 € F(T")

then,
z=p1=1=X)(p2—p1) z2—p2=-A(p2—p1).
Now,
1Tz = 2[I* = 7"z = w1+ (1= N)p2) |I%,
= ATz =p)+ (1 =X (T"2—p2) |,
= ATz =pil* + (1= NIT"2 = pal|* = A (1 = XN [Ipz — ||,
but
NIT"2 = pull? < A2l — pull? + Mellz — T"2]2 + Ava,
and
(L=NIT"2 = p2||* < (1= N anllz = p2||* + (1 = A kllz = T"2||* + (1 = X) vn,
therefore,

ATz = pall* + (1= N I T2 = p2||* < A(L = N aqllp2 — pal* + kl|z = T"2* + vn.

So that

IT"z =2[I* < XA =A)anlp2 = pill* + kllz = T"2)* + vn = A (L = A) [Ip2 = pa*,

A1 =) (an = 1) lp2 = prll* + kllz = T"z)|* + vn,
and

" 1
1772 =217 < 7= (A @ =2 (@ = 1) lIp2 = p1” +va).

Since a, — 1 as n — oothen a% — 1 — 0 and v, — 0 we have that

T'z=2z = ze€ F(T")

(3.1)

(3.2)

O

Theorem 3.2. Let T : C — C be asymptotically demicontractive mapping in the intermediate

sense, then I —T™ is demiclosed at 0.

Proof. I —T™ is demiclosed at 0 if {x,} C C such that x,, = p and (I —T™) 2 — 0. So, define

f:C —10,00)
as
f(z) =limsup || &, — x ||* for eachx € H.
n—oo
Clearly,
fz) = timsup|z, — o
n— o0

= limsup||z, —p|* + [|p — ||’
n— oo

fo)+llp—z|*Vpe H

(3.10)

(3.11)

(3.12)
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So
f(T"p) = limsup|z, — T"p|?
n—oo

= limsup|/T"p — z, |
n— oo

IN

limsup (an|lp — @n||* + kllp — T"p||* + vn)
n—oo

f(T"p) < limsupay, |[p — za|* + Klimsupllp — T"p||* + 0
n— oo n—oo

Using 3.12 and knowing that lim supa? — 1

n—oo
f(T"p) < f(p) + Klimsupl|jp — T"p|?
n— oo

Using 3.12 again

IN

f(p) + klimsup|p — T"p|?

n—o0

fo)+llp—T"p|?

(L—Fk)p—T"p|

IN

0.

Thus
p=T"p = pe F(T")
O

Theorem 3.3. Let T : C — C be L-Lipschitzian and asymptotically demicontractive mapping in

the intermediate sense, then F(T™) = F(T")

Proof. 1If p € F(T™) then there exists {xm} € F(T™) such that x,, — p and @y — T"Tm — 0
(since T = T"Tm VY Tm € F(T™)), thus p € F(TT).

If p € F(T™) then there exists {z,,} € F(T™) such that z,, — p and {z, — T"x,,} — 0. Using
theorem 3.2, (I —T")p =0 and so, p € F(T").

Hence,
F(T™) = F(T™)
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