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Abstract

The main purpose of this paper is to construct a new class of second order differential equation
at infinity. To solve the problem, we generate the auxiliary equation via a pre-auxiliary equation
and obtain the general solution of it. We express the higher order of the differential equation
in a matrix form. We have also studied the problem with a change in variable. We prove the

sufficient condition of the solutions for the 2nd order differential equation under certain conditions

for existence of the problem.

Keywords: Ordinary differential equation, pre-auziliary equation; auziliary equation.
2010 Mathematics Subject Classification: 34A-05;
1 Introduction

Studying of the behavior of the physical, engineering and other problems (modeling), the theory
of ordinary differential equation gives the standard methods. The researchers have done many
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interesting results on this field of work. For our reference we recall the works of the researchers,
such as Rubinstein [1], Kreyszig [2], Agarwal and ORegan [3], Boyce and DiPrima [4], to name only
a few. Boyce and DiPrima [4] have studied the stability of the problem (1.2) by making the change
of variable £ = 1/z and studying the resulting equation at £ = 0.

The general form of ordinary differential equation (ODE) of n*™® order is
po(@)y™ + @)y + - a2 (@)Y + paar (@)Y + palz)y =0, (1.1)
where p;’s are arbitrary functions of x.
An ordinary differential equation called the Sturm-Liouville equation of the form
y" + P(z)y + Q(z)y =0 (1.2)

has singularities for finite x = xo under the following conditions:

(a) If either P(x) or Q(x) diverges as x — xo, (z — z0)P(x) and (z — x0)?Q(x) remain finite as
T — To, then x¢ is the regular or non-essential singular point,

(b) if P(z) diverges faster than (z —x0) ™" so that (z —x0)P(x) — 0o as & — xo or Q(x) diverges
faster than (z — x0) 2 so that (z — x0)?Q(x) — 0o as x — o, then zo is the the irregular or
essential singular point

Singularities of (1.2) are investigated by Morse and Feshbach [5]. They have substituted = ™!

in the above equation to get the reduced equation

2
24% +(22° = 2P (7)) Z—Z +Q(z )y=0
and investigated its singularities at infinity as follows:
(a) if
2z — P (27} Q (=1
a(z) = % and f((z) = %

remain finite at * = oo (i.e., z = 0), then the point is ordinary,

(b) if a(z) diverges no more rapidly than < and $(z) diverges no more rapidly than Z, then

the point is a regular or non-essential singular point, otherwise the point is a irregular or
essential singular point.

Morse and Feshbach ([5], 1953, pp. 667-674) has given the canonical forms and solutions for second-
order ordinary differential equations classified by types of singular points. Dosld and Kiguradze [6]
have studied the solution of a new class of second order differential equation on the dimension of
spaces of vanishing at infinity. They have also studied the auxiliary equation of it. Makino [7] has
studied the existence of positive solutions at infinity for ordinary differential equations of Emden
Type. To extend the results of Philos et al. [8], Philos ad Tsamatos [9] have studied the differential
equation of n-th order (n > 1) nonlinear ordinary differential equation

y(n)(x) = f(xvy(x)vy/(x)v o 7y(N>($))ax > xo > 0» (*)

where N is an integer with 0 < N < n —1, and f is a continuous real-valued function on [z, c0) X
RMT!. They studied the condition of all solutions to be Asymptotic to Polynomials at Infinity.

In this paper, we introduce a special type of homogeneous differential equation at infinity having
upper bounded functions. We introduce a class of ordinary differential equation defined by
dy

d*y
4 3 2 _
20 +(22° —az )dz +by =0, (DEw)
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with conditions
lim z(z) =1 and lim z(z) =0
z—0 T —00

where a and b are constants. Here z(z) — 0 as * — oo more faster than 2, we call the above

differential equation as differential equation at infinity (in short; DE« ). We study the existence of
the solution of (DE«) via a pre-auxiliary equation. We have also studied the alternative method

to solve like a ODE.

2 Second Order Differential Equation and Its Solution

For our need, we make the following definition.

Definition 2.1. The equation (1.1) is an entire homogeneous differential equation if the coefficients
v, v,y o,y are all bounded and entire functions such that

pi(z)
po(x)

are all bounded and entire functions where the primes are number of derivative of y with respect to
x.

i=0,1,---,n—1

2.1 Generalized Homogeneous Logarithmic Differential Equation

In this section, we study the concept of generalized homogeneous differential equation of second
order with exponential solution.

Consider the second order initial value problem having generalized homogeneous logarithmic differential
equation of the form

ey +gle e )y +by =0 (2.1)
with initial conditions

y(zo) =yo and y'(z0) = 20

where b is a real constant and the number of primes (') are the order of derivatives of the entire
function y with respect to = and ¢(e~*, e 2*) is the function of linear combination of e ® and e~ 2*
given by

dle™ ", e *) = are” " + age ",
with a2 # 0 and a2 is independent on a;. Now

lim ¢(e™ ™, e ") = a1 + az
z—0

exists for finite a; and as. Assume that

y = exp(Ae”)
be the solution of (2.1), then we have
yo= e’
y// _ A(/\@Qz + ez)y
y/// _ )\()\2632 + 3)\622 + ez)y

Putting the values 3 and 3" in (2.1), the equation obtained is
AA+e™") + Ap(e” ", e ?")e" + by =0.
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For nontriviality of y, we have
AA+e )+ Aar +aze” ™) +b=0. (2.2)
Since a2 is independent on ai, the above equation can be written as
M+ ad+ (aa +1)Xe ™ +b=0, (2.3)

For simplicity, we call the above equation as pre-auziliary (or pre-indicial) equation. Since X is
arbitrary, so to remove the term e™” from (2.3), we have to take coefficient of e™* to zero which
gives az = —1. Taking limit as x — 0 in the pre-auxiliary equation (2.3) and putting the value of
a2, we get the auxiliary (or indicial) equation of (2.1) is

N4+ar+b=0 (2.4)

having the roots A = A1, A2. Hence (2.1) reduces to

—2x 1/

e "y + (ae™ " — 6722) y +by =0,
whose solution is

c1exp(A1e®) + cz2 exp(Aze”) if A1 # Ao,
y(x) = < (c1 + c2e”) exp(Ae”) if A=A = Ao,
exp(ae®) [Acos(Be”) + Bsin(Be”)] if A=a L if.

Remark 2.1. The equation (2.2) can be written as

A <)\+Z(—1) n,> + A <a1+a22(—1) m) +b=0, (2.5)

n=0 n=0
gving

N +aA+b=0
and
(a2 + 1A+ 0O(x) =0
satisfying lin%](’)(x) = 0. Taking limit as x — 0 in the above equation and equating the coefficients
r—

of \ to zero, we get as = —1.

Remark 2.2. The function y = exp(Ae”) solves (2.1) if only if az = —1.

2.2 Differential Equation at Infinity

Let z = z(z), x > 0 be a bounded entire function. We define a class of ordinary differential equation
at infinity defined by )

24% +(22° — azQ)Z—Z +by =0, (2.6)
with conditions

lim z(z) =1 and lim z(z) =0

z—0 T —r00

where a and b are constants. Since e™* — 0asx — oo and e ¥ — 1 as ¢ — 0, taking z = e~ *, we
get

dy _ 1.

dz z

d2y 1,

2 ?(y +y")
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Putting the value of % and % in the differential equation at infinity (2.6), we get

—2x I
(&

Y + (ae™ —e )y +by=0 (2.7)
which is a generalized homogeneous logarithmic differential equation (2.1) where
dle™®, e %) = ae™® — 2,
i.e., a1 = a and a2 = —1. Thus the auxiliary equation obtained using (2.4) is
N 4+ ar+b=0. (2.8)
In particular, for any real positive n if @ = 0 and b = n?, then (2.6) reduces to

2
1dy +2Z3d7y

dz? dz + TL2y = O,Z = Z(ZE), (29)

z
with conditions

lim z(z) =1 and lim z(z) =0
z—0 r—00

has the bases cos(ne®) and sin(ne®). For n = 1, the bases cos(e®) and sin(e®) of (2.9) are shown in
Figure-1 which are plotted using Matlab taking z € [—10, 10].

sin(e*)
1 T
0.5f
o
8§ 0
>
_0.5 L
_1 ! Il 1
-10 -5 0 5 10
X-axis
cos(e)
1 T
0.5F d
o
>
_05 L 4
_1 L Il
-10 -5 0 5 10
X-axis

Figure 1: Basic functions

Note 2.1. If b = by + ibs with |b] = 1 and |z| < [, then the general solution y of the differential
equation (2.9) moving in the disk of radius R = exp(biu — bav) where

u=e""cos(Imz) and v =e""sin(Imz),

Rez denotes the real part of x and Im z denotes the imaginary part of x.



Das; BJIMCS, 10(4), 1-14, 2015; Article no.BJMCS.15796

Example 2.2. If a = 3 and b = 2, then from (2.8), we get A = —1,—2. Thus the basis are

x

y1 = exp(—e”) and y; = exp(—2€”). Since y = Ay; + Bys solves the differential equation
e 2y 4 (3e™" — 672”“') vy +2y =0,
the function y = Aexp (f%) + Bexp (75) solves the differential equation
24 (22° =322 y+2y=0

at infinity where z = e~® and y denotes the derivative of y with respect to z.

3 Alternative Method: Logarithmic Conversion

We have studied the alternative method to find the auxiliary equation of the homogeneous logarithmic
differential equation (2.7) of the form

—2x I
e

Y’ + (ae™" — 6_%) y +by=0
where a, b are real constants.

Taking x = Int, t # 0, we get

’

y = 1y
1" ty+t2y

where the number of dots represents the order of derivatives of y with respect to t. From (2.7), we
get
t 2ty +29) + (at™ ' —t )ty +by =0,
j+ay+by=0
which is same as auxiliary equation (2.8). Hence the solution of the differential equation obtained
is
c1 exp(A1t) + c2 exp(Aat) if A1 # Ao,
y(t) = 9 (c1 + caot) exp(At) iftA= X =)o,
exp(at) [Acos(Bt) + Bsin(Bt)] if A=axis.
Replacing t by e, we have
c1exp(A1€”) + ¢z exp(Aze”) if A1 # Aa,
y(x) = < (c1 + c2e”) exp(Ae”) if X=X = Ag,
exp(ae”) [Acos(Be”) + Bsin(Be®)] if A=axif.

Remark 3.1. In particular, if a = b =0, then (2.7) coincides with the ordinary differential equation
1 /
y —y =0

having the solution
y(z) = c1 + coe”.
Example 3.1. The equation
—2x_ I
e

Y (=2 —e )y +y=0.

has the auxiliary equation
N —2X+1=0

gives A = 1, 1. Hence the solution is

y(x) = (c1 + c2e”) exp(e”).
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Example 3.2. The equation

—2x 11
(&

y' (e —e )y — 2y =0.
has the auxiliary equation
AN 4+r-2=0

gives A = 1, —2. Hence the solution is

y(z) = c1 exp(e”) + c2 exp(—2¢€”).
Example 3.3. The equation

ey 4 (—de”" —e )y + 13y = 0.
has the auxiliary equation
A —4x+13=0
gives A = 2 &£ 3. Hence the solution is
y(z) = exp(2e”) (A cos(3e”) + Bsin(3e”)) (3.1)

The trajectories of y(z) given in (3.1) is shown in Figure 2(a) and Figure 2(b) using MATLAB. The
value y(0) = 0 exists for A = 0 and B = 0. In Figure 2(a), for blue figure has the value of A =0
and B € [—1,1] with space difference 0.2; for red figure has the value of B = 0 and A € [—1,1]
with space difference h = 0.2 where x € [1.4, 2] with space difference h = 0.002. In Figure 2(b), the
values of A and B lie in the interval [-1,1] with space difference 0.2 where = € [1.4,2] with space
difference 0.002.

x 10° y=exp(2*€*)(Acos(3e”)+Bsin(3e*))

X 105 y=exp(2*e*)(Acos(3e”)+Bsin(3e"))

Function (Y)
Function (Y)

14 15 1.6 18 19 2

17
Variable(X) 14 15 1.6

(a) Blue: A=0,B € [-1,1] and
Red: B=0,A¢[1,1]

1.7 1.8 1.9 2
Variable (X)

(b) Ae[-1,1], Be[-1,1]

Figure 2: Sleeping Tower

4 Higher Order Homogeneous Logarithmic Differential
Equations and Its Matrix form

The second order homogeneous logarithmic differential equation (2.7) can be written as a matrix
form given by
PY =0
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where
po 0 O e 0 0 1 -1 0
P=[ 0 p 0 |= 2w e 0 a O
0 0 po 0 0 1 0 0 b
and
y' 0 0 D? 0 0 y 0 0
Y = 0 ¢ 0 |= 0 D 0 0 y O
0 0 0 0 I 0 0 y
WhereD:%as
—2x
po = e
p1 — _6721_’_0/6733’
p2 = b

satisfying the conditions in p;’s are
Z coeff(e™*") = 0,
Z coeff(e ™) = a,
Z Constants = b.
The general form of the third order homogeneous differential equation is
e 2y 4 (ae*" =3¢ )y + (be™ " —ae P 42 )y +ey=0 (4.1)

where a,b and c are real constants. The equation (4.1) can be written in matrix form given by

PY =0
where
po 0 0 O
. 0 ppo 0O O
P= 0 0 p3s O
0 0 0 pa
and
y/// 0 0 0
_ 0 3" 0 0
Y= 0 0 ¢y 0
0 0 0 y
with
—3x
po = ¢
1 _ 3e 3m+ae 2:0’
p2 = 2% — e 4+ be ",
D3 = G

satisfying the conditions in p;’s are
Z coeff(e %) = 0,
Z coeff(e™*") = 0,
Z coeff(e™™) = b,
Z Constants = c.
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Taking x = Int, ¢t > 0 in (4.1), we get the reduced equation
Y4+aj+by+cy=0
which is solvable.
The general form of the fourth order homogeneous logarithmic differential equation is

—4x  iv

e y 4 (OL673Z _ 6674z)y/// + (5672z _ 3066739: + 11674z)y//
+(ye ™" = Be P 427 —6e )y + oy =0 (4.2)

where a, 3,7 and 0 are real constants. The equation (4.2) can be written in matrix form given by

PY =0
where
po O 0 0 O
0O pr» 0 O O
P= 0 0 ps 0 O
0 0 O ps O
0O 0 O 0 wps
and
¥y 0 0 0 O
0 y/// 0 0
Y = 0 0 ¢y 0 0
0 0 0 ¢ 0
0 0 0 0 vy
with
Po = 67417
1 _ _66—41 + 016_3z,
ps = 1le ™ —3ae % + Be™ 22,
ps = —6e 4207 — BT fye ",
ps = 0

satisfying the conditions in p;’s are

Z coeff(e™™) =,
Z Constants = 6.

Taking x = Int, t > 0 in (4.2), we get the reduced equation
Y +a¥ +Bij+~y+ddy=0

which is solvable.
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4.1 Formation of the Logarithmic Homogeneous Differential Equation

Let the transpose of X be denoted by X*. Let the derivative of y with respect to  and ¢ be denoted
by ¥ and §™ respectively. The logarithmic homogeneous differential equation of n'" order is of
form

ApY, =0 (4.3)

where Ag = A- E, A= (ai;) being the n'" order matrix having the elements given by
Qi = 1, for i1 = 1;

aijzoy fOI'Zz.],

a;; =0, fori<yj;

an; =0, forl<j<mn;

(aij) =

E = ( P 6—(n—1)1‘ . 8—21 e~ 1 )T

and
Y. n n— T

Here the value a;; 2 0 means all a;;’s are not zero. Let A be decomposed by the rule A = D(A)+C
where D(A) is a diagonal matrix containing diagonal elements of A and C' = (¢;;) is the square
matrix having the elements defined by

ci1 =0, for1 <i<m;

ci;j =0, forl1<j<m

Ci]':k'ij, fOri#l,iEjEQ,j#n;
cij =0, for i < j;

Cin =0, for 1 <i<mn;

cnj =0, forl1<j<n,

(cij) =

where k;;’s are the affine function of a;;’s.
The equation (4.3) can be converted to

DrY, =0 (4.4)

where Dr =D - T,

and
. . (n— . . T
Yi = ( y(n) y(n R y” y' Yy )

by considering z = Int, t > 0. The equation (4.4) is solvable like a ordinary differential equation of
n'® order if Dr has the decomposition of the form

Dr =D(A)+Cr

with Cr the matrix satisfies the condition Cr = C' - T' = 0. The value of a;;’s can be obtained by
solving equations
coefficient of t ™™ =0, m=1,2,--- ,n

obtained from the equation CrY; =0

We have shown the formation of the logarithmic homogeneous differential equation of 4™ order.
The logarithmic homogeneous differential equation of 4" order is of form

ApY, =0

10
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where Ap = A-E,

1 0 0 0 O
aa o 0 0 O
A= b bt g 0 0|,
C3 C2 C1 Yy 0
0 0 0 0 ¢

and ‘
Y, = ( yw y/// y// y/ y )T ]
Taking x = Int, t > 0, the reduced equation obtained is
DrY; =0 (4.5)
where Dr =D - T,
T=(1 ¢ ¢2 3 ¢*)"

and

. iv . . . T
Y, = ( " y/// y// y/ y ) )
Decomposing the matrix Dr by the rule given above we get

Dr=DA)+Cr=D(A)+C-T

where
1 0 0 0 O
0« 0 0 O
DA=|0 0 g 0 0],
0 0 0 ~ O
0O 0 0 0 ¢
and
0 O 0 0 0 1
0 co2 0 0 0 1
Cr = 0 c32 c33 0 0 2
0 ca2 ca3 caa O t=3
0 0 0 0 0 t=*
having elements
c22 = a1+6
cz2 = bi+3a
33 = 3a1+bx+7
c2 = P+a
ci3 = a+bitce
caa = 14+a1+b2+c3.

Solving the equation Cr = 0, we get
a1 = —6;b1 = =3,b2 = 11;¢c1 = —1;¢c2 = 2;¢c3 = —6.
Hence the logarithmic homogeneous differential equation of 4®" order is given by
AgY, =0,
ie.,
e Ty 4 (ae? — 6e” )y + (Be T — 3ae 4 11e )y
+ (ve " — Be 2 + 273 —6e )y + 6y = 0.

11
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Note 4.1. Suppose a dynamic problem depending on actual time variable (T") changing logarithmically
with respect to time ¢. Therefore, we have coined a term called Logarithmic Dynamic/Differential
Equation varying with respect to T' = Int, t # 0. The equation can be converted to an Euler-Cauchy
equation changing with respect to time ¢.

Let T = Int, t # 0. Denoting v',3”, -+ as derivative of y with respect to T' and 4,4, -- as
derivative of y with respect to t, we have

ty =y,
2. 7 /
vy = Yy —y,
t3 y _ y/// _ Sy// _ 2y/,
t4y — yiv _ 6y/// + 11y” + 18y,,

The homogeneous logarithmic differential equations can be written as Euler-Cauchy equation as
follows.

v +a—1)y +by=0 & t*j+aty+by=0;
v +(@=3)y' ' +(b—a—-2)y +cy=0 < BY + atj + bty + cy = 0;

¥+ (a—6)y" + (11 — 3a + b)y"
+(18 —2a—b+c)y' +dy=0
e Y +at®V + 0P+ dtg+cy=0

5 Sufficient Conditions for all Solutions to be Asymptotic
to Polynomials at Infinity

For any Q C R, let y € C%(Q), the family of twice differentiable function on €. The equation
e—2:cy// + (ae—x _ 6—250) y/ + b’y _ O

can be written as
—y" = f(z,y.y)
where
fl@y.y') = bye™ + (ae” — 1)y
The sufficient conditions for all the solutions to be asymptotic to polynomials at infinity is studied
in the following proposition.

Proposition 5.1. Let

@20, 20)] < pr(@)gn ( & ) +q(x)
k=0

T1—k

for all (x,z0,21) € [—00,x0) x R? where pr, k = 0,1 and q are nonnegative continuous real-valued
functions on (—oo, zo] such that

zo zo
/ pr(z)dr < co(k =0,1,) and / q(z)dr < 0

— 00

12
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and gi(k = 0,1) are continuous real-valued functions on (—oo, 0], which are positive and increasing
on (—00,0] and such that

[mxj;w:w

Then every solution x on an interval (—oo, T|, T < xo, of the differential equation (x) satisfies

y¥(z) = 215+ ow1y) asz — —00 (j = 0, 1),

_°¢
-
where ¢ is some real number (depending on the solution y).
Proof. Since

f(z, 20, 21) = bzo exp(z) + (ae” — 1) 21,

by Proposition 3.1 [9], every solution y on an interval (—oo, T, T' < o, of the differential equation
(*) with n = 2 satisfies

Yy () = T1-j +o(z1-j) asz — —o0 (j = 0,1),

where c is some real number (depending on the solution y). This completes the proof. O

Before closing this section, we note that it is especially an interesting problem to study the
n-th order (n > 1) nonlinear delay differential equation

v (@) = f(z,y(x = 10(2),y (x = 11()), .,y (@ = 7 (2))), 7220 >0,

obtained from (4.3) where 74(k = 0,1,--- , N) are nonnegative continuous real-valued functions on
[z0,00) such that lim [z — 7% (z)] = co(k =0, 1,..., N).
Tr—r0o0

6 Conclusion

We have construct a new class of second order differential equation at infinity which can be help to
solve the problems arises in physical sciences and engineering. To solve the problem, we generate the
auxiliary equation via a pre-auxiliary equation and obtain the general solution of it. We express the
higher order of the differential equation in a matrix form which can be helpful to study the theory
of variational inequalities and complementarities. We prove the sufficient condition of the solutions
for the 2nd order differential equation under certain conditions for existence of the problem.
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