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Abstract

In this paper, we give some relations in terms of k—Balancing number which generalize some
well known results concerning the relation between the determinant and Chebyshev polynomials

which is due to tridiagonal matrix B(ny(k). Also for the other tridiagonal matrix W, (k), we

deduce the cofactor matrix of it then we find another relations for k—Balancing number.
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1 Preliminaries
Recently, balancing numbers n € Z" as solutions of the Diophantine equation

142+ 4+m=-1)=mn+1)+0n+2)+ -+ (n+r) (1.1)
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for some positive integer r which is called balancer or cobalancing number. For example 6, 35, 204,
1189 and 6930 are balancing numbers with balancers 2, 14, 84,492 and 2870, respectively. If n is a

balancing number with balancer r, then from ( 1.1) one has w =rn+ w and so
—(2n+1)++v8n?2+1 2r+14+ /82 +8r+1
r= 2 and n = 3 . (1.2)

Let B, denote the n'" balancing number and let b, denote the n'" cobalancing number. Then

Bn41 = 6B, — Bp—1 and bpy1 = 6by, — bp—1 + 2 for n > 2, where By = 1,B2 = 6,b1 = 0 and
b2 = 2. From (1.2), we see that B, is a balancing number iff 8B,2z + 1 is a perfect square and b, is
a cobalancing number iff 862 + 8b,, + 1 is a perfect square. So we set

Cn=+8B2+1 and ¢, = /8b2 +8b, +1

which are called the n'" Lucas-balancing number and nth

[1], [2] and [3].

Lucas-cobalancing number, respectively

In [4] they generalized the theory of balancing numbers to numbers defined as: Let y, k,1 € ZT such
that y > 4. Then a positive integer x such that x <y — 2 is called a (k,l)—power numerical center
for y if 1%+ + (z— 1)’C =(z+ 1)l 4+ 4 (y— 1)1. They derived some algebraic relation on it.

Because of the concept of the balancing numbers; we generalized the balancing numbers to k—
balancing numbers: B denote the n " k—balancing number, b¥ denote the n'" k— cobalancing
number, C¥ denote the n'® k—Lucas balancing number and ¢ denote the n'" k—Lucas cobalancing
number which are the numbers defined by

B =0,BYf =1, Bl ., =6kBl — Bi_, forn>1 (1.3)
by =0,b5 = 2,05, | = 6kbE —bh_, +2 forn >2
Ch=1,0y =3,CF , =6kCE —CF_, forn>1
c’f = l,cg =7, cfH_l = 6kcﬁ — cﬁ_l forn > 2
for some positive integer k > 1, respectively. Also Binet formulas for k—balancing numbers are
k _ a™ —pg"
"o2V0kZ -1
(@+ 1™t + (B+1)p" ! -6k —2
2(9k%2 — 1)
o _ (B=Ba" = (3-a)p"
" 2v/9k% — 1
o _ (Ta=1)a"" — (18— 1)§"*
" 2v/9k% — 1

for n > 1, where a = 3k + v/9k2 — 1 and 8 = 3k — v/9k2 — 1.

B

k
bn =

A tridiagonal matrix is a matrix that is both upper and lower Hessenberg matrix. A general
tridiagonal matrix is not necessarily symmetric or Hermitian, many of those that arise when solving
linear algebra problems have one of these properties. Furthermore, if a real tridiagonal matrix A
satisfies ay k+1ak+1,6 > 0 for all k, so that the signs of its entries are symmetric, then it is similar
to a Hermitian matrix, by a diagonal change of basis matrix. Hence, its eigenvalues are real. If we
replace the the strict inequality by ax,k+1ak+1,k > 0, then the eigenvalue are guaranteed to be real,
but the matrix need no longer be similar to a Hermitian matrix.
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T(ny be a family of n x n tridiagonal matrices, where

ai,1 ar2
az;1 Q22 Q23

as,2
Tny =

An—1,n

An,n—1 Qn,n

(for further details see [5], [6] and [7] ).

Theorem 1.1. The determinants of T(,) are defined to be with initial values

det(T(1>) = a1
det(T(2)) = a2p2a1,1-a21012
det(Tiny) = anndet(T(n_1)) = @nn—1an-1,n det(T(n_2))

for n > 3, where a;; its i™ row and j™ column are non-zero integers such that D = ai’n —
dann—1an-1,n 70 (For the proof see [8]).

The characteristic equation of the recurrence relation is 2

a,Jr\/E a_fx/E
—ie == and § = —="

2

—n,nT+an,n-16n-1,n» = 0 and hence
a — "

the roots of it are o =
a—f

. So their Binet’s formulas are det(1,)) =

Let A be an nxn matrix and let M;; be the (n—1) x (n—1) matrix obtained with deleting the i*" row
and " column of the matrix then computing the determinant of the remaining matrix after deleting
the row and column. Also finding the cofactors of a matrix, just use the minor Cj; = (—1)""7 M;;
where M;; is the minor in the ™ row and j™ position of the matrix. The adjoint of a matrix
denoted by adj(A), to find the adjoint of a matrix transpose the cofactor matrix.

For finding inverses using the adjoint

a1
~ det(A(n))

The cofactors feature prominently in Laplace’s formula for the expansion of determinants, which is
a method of computing larger determinants in terms of smaller ones. Given the n X n matrix (a;;),
the determinant of A can be written as the sum of the cofactors of any row or column of the matrix
multiplied by the entries that generated them. The cofactor expansion along the ;' column gives:

adj(A).

det(A(n)) = CL1jClj —+ angQj + a3j03j + -+ ananj = Z aijCij.
i=1
The cofactor expansion along the i'! row gives:
det(A(n)) = ai1Ci1 + ai2Ci2 + ai3Ciz + - - - + ainCin = Zaijcij-
j=1

The inverse of an invertible matrix by computing its cofactors by using Cramer’s rule. The matrix
formed by all of the cofactors of a square matrix A is called the cofactor matrix

Oll 012 ot Cln
C‘21 CV22 ce CQn
Cnl Cn2 Tt Cnn
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Then the inverse of A is the transpose of the cofactor matrix times the inverse of the determinant

of A:
1

A= SeAm)

c’ (1.4)
which are discussed by [9] and [10].

The Chebyshev polynomials are a sequence of orthogonal polynomials appearing in approximation
theory and they have countless applications. The first and second kind of Chebyshev polynomials
satisfy the same recurrence relations. The Chebyshev polynomials of the first and second kind are
defined by To(x) = 1, Ti(z) = x for n > 2 and Up(z) = 1, Ur(x) = 2z for n > 2,

To(z) = 22Th_1(z) — Th-2(x) (1.5)
Un(z) = 2zUn—1(z)— Un—2(x)
respectively. Also Chebyshev polynomials satisfying 75, (cos8) = cosnf for n = 0,1,2,--- and
U, (cos ) = W for n =0,1,2,---. They have the determinant representation
T oz 2¢ 2z
y 2r =z y 2x =z
Th(x) = y 2z . and U, (z) = y 2z
y 2z y 2z

where yz = 1. As discussed elsewhere [11].

Furthermore there are more relations between T, (x) and U, (z), for example

2T (z) = Un(z) — Un—2(x) (1.6)
To(z) = Un(z)—2Up-1(z)
Toii(z) = aTh(z) — (1 —2°)Un_i(2)
Un(z) = 2 Z T;(z), where n is odd

2 Z T;(xz) — 1, where n is even.

J even

R

=

2
I

2 Main Results

By (k) and W(,)(k) be a family of n x n tridiagonal matrices for k—balancing number are defined
to be

r 36k 6 T
1 6k 1
1 6k 1
Wi (k) = . (2.1)
1
1 6k

nxn
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and

B (k) =

r 6k 1— 18k? .
1 3k 1
1 6k 1
) (2.2)
1
1 6k

T nxn

So we obtain six times of the (n + 1) — th, k—balancing number from the determinants of the

matrices
det(Wi (K))
det(Wie (K))
det(W(s) (k))
det(Wn) (K))
and

36k = 6B
216k* — 6 = 6B
6k(216k> — 6) — 36k = 6B}

6k det(W,_1y(k)) — det(W,_oy(k)) = 6BL 4

det(Bqy(k)) = B3
det(Bey(k)) = Bj
det(Bs)(k)) = Bi
det(Bny (k) = Bl (2.3)

Here one may wonder why we choice these two tridiagonal matrices, because note that det(B(,)(k)) =
BF 1 and det(W(,,(k)) = 6B, in other words both of the determinant By, (k) and the determinant
of the W(,,y(k) may be expressed in k—balancing number, even 6 times each. So we have to need
two tridiagonal matrices which is denoted with k—balancing number.

Also we define the odd k—balancing number from the determinant of the matrices

[ 36k%2—1

1

1
36k — 2 1
1 36k2—2 1

1

1 36k -2 |
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because det(O(,)(k)) = B, 1, which is {1,36k* — 1,1296k* — 108k> + 1, - - - } the odd k—balancing
number. Finally we define the even k—balancing number

[ 6k 0 T
1 36k%—2 1
1 36k —2 1
By (k) = 1

. . 1
L 1 36k*—2 |

which is det(E,(k)) = Bj,.

Lemma 2.1. If B, (k) are tridiagonal matrices of the form (2.2), then the determinant of Biy)(k)
18

det(Bn (k) = 6kTn-1(3k) — (1 — 18k*)U,,—2(3k)

with Chebyshev polynomials and the characteristic polynomial of A is
PBy () (A) = (A = 6k)Trm1 (A = 3k) — (A = 1+ 18K%)Un—2(A — 3k) (2.4)

Proof. Let Any(k) and C(,)(k) be a tridiagonal matrix, so

3k 1
1 6k 1
det(Aemy (k) = o and
1
1 6k
nxn
6k 1
1 6k 1
det(Cln (k) = 1
1
1 6k

In the light of the Laplace expression we expand the By, (k) with terms of the first kind of Chebyshev

polynomial T, (z) and second kind of Chebyshev polynomial Uy, (z). By expanding the determinant
with the first columb, we have

6k 1—18k?
1 3k 1
1 6k 1
det(Bin (k) = 1
1
1 6k
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3k 1 1—18k* 0
1 6k 1 1 6k 1
=6k T — 1
1 1
1 (n—=1)x(n—1) 1 6k (n—=1)x(n—1)
3k 1 6k 1
1 6k 1 1 6k 1
=6k o — (1 —18k?) 1
.1 R |
1 6k (n—=1)x(n—1) 1 6k (n—2)x(n—2)

:6kdet(A(n,1) (k)) — (1 — 18k2) det(C(n,Q)(k)).

Determinants in the expression are obtained a special case of the Chebyshev polynomials first and
second kind in (1.5). So we get

det(Bn (k) = 6kTn_1(3k) — (1 — 18%k*)U,—_2(3k).
The characteristic polynomial are
PB (k) (A) = det(A — By (k) = (A = 6k)T1 (A — 3k) — (A — 1+ 18k*)Upn—2(\ — 3k)
where [ is the identity matrix. O
Consequently we can give the following theorem, B,)(k) satisfies.

Theorem 2.2. The eigenvalues of the tridiagonal matriz B,)(k) are

T

)\1-:3k:+cosn+1,

(221727 ,TL)

and the n'* k—balancing number is denoted by
o u
By = 3k —.
n E ( + cos n)
Proof. From recurrence relations of Uy (z) and (1.6)
det(Biny (k) = 6kTn_1(3k) — (1 — 18k%)U,—2(3k)

3kU,_1(3k) — 3kU, _3(3k) — (1 — 18k*)U,,_2(3k)
= Un(3k) + 3k(6kU,_2(3k) — Un_3(3k)) — 3kU,,_1(3k)

Un(3k).

Hence the eigenvalues of B, (k) can be obtained through computing the zeros of the characteristic
polynomial (2.4). In view of the roots of U,(z) = 0 are 6; = el (i =1,2,--- ,n) or equally
x;= cos; = cos niL and the eigenvalues of B, (k) are

PBi, k) (Ai) = det(Nil — B (k)

= U,(\I —3k)
So .
i
N =3k (i=1,2,-,
3k + cos I (¢ n)
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Moreover we know the equation det(B(,(k)) = B, from (2.3) and the definition of the determinant

BT1 - | | 3k + COS L
( n

i=1
result is clear. O

From this result, we can obtain the following conclusions.

Corollary 2.3. Let BE denote the n k— Balancing number and By (k) is a tridiagonal matrices,
then

1. det(Bny(k)) = [172)" (3k + cos i)

2. If 3k # —cos 75, (i=1,2,--- ,n — 1) then B(y)(k) is invertible

3. det(Wny (k) = 6 [112," (3k + cos Z) .

Now we can obtain the relation between the matrix W(,(k) and By, (k) given by k—Balancing
number.

In order to determine the inverse of matrix W,)(k), we have to formulate the cofactor matrix of
W) (k). For this reason, we can give C(,)(k) cofactor matrix of W(,)(k) are expressed in terms of
k—Balancing number, which can be proved by induction on n.

Lemma 2.4. Let BY denote the n' k-balancing number and Wy (k) are the tridiagonal matrices.
Cln-1)(k), the cofactor matrices of W(,)(k) whose elements are given by

m - GB;Ic if2<j<niseven — 6BF  if2<i<n—1iseven
™ —6BF  if3<j<nisodd o —6BF if3<i<n—1isedd
{ —Bﬁ,(i,l) if2<i<n—1is even { —GBE,U,U if2<j<n-—11is even
Jmy; =

B iy if1<i<n—1isodd 6BE_ ;)  if3<j<n—1isodd

mi1 =

and the other terms

—6BIB oy #i>i () =—1 [ —6BiBl 4y ifi<i (-1 =-1
6B;B, ;1 fi>i (- =1 ! 6B; By i1y fi<i (1) =1

Mhij

my = 6BFBE ) if i=3(ij #11 and ij # nn),min = —6BY

j—1

with j is the j% columb and i is the i row of Wny (k) for n > 4 is even and

e — 76351»c if 2<j <niseven e — —6BF if2<i<n—11s even
T 6B;  if3<j<nisodd e 6BF  if3<i<n—1isodd

et — —Bﬁ_(i_n if2<i<n—11is even E— —6Bﬁ_(j_1) if2 < j<mniseven
L B i, ifl<i<n-—1lisodd * " BE 1y if3<j<nisodd

and the other terms

S —6BFBy_(;_yy ifi > (=) =—1 S —6BFBE 4y if i< (=1)" =—1
+ 6BFBE 4 ifi>i (=) =1 “ 6BYBY (4 ifi<i (-1 =1

mi; = GBf“B.E,(j,l) if i=j(ij # 11 and ij # nn), min = 637
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with j is the §* columb and i is the i™ row of Winy (k) for n > 5 is odd.

Corollary 2.5. Let BE denote the n' k-balancing number and C(ny (k) are the cofactor matrices
Of W(n) (k),

1. The determinant of C,y(k) is the (n — 1)™ power of the siz times of the terms of the (n +
1) k—balancing number

det(C (k)) = (6Bh1)" "

2. The n'™ power of the siz times of the terms of the (n + B)th k—balancing number is denoted
by the ratio of the determinants of the C(yq2)(k) and W, y2y (k)

det(Cnt2) (k)

det(W<n+2) (k)) = (6BE+3)7L

Theorem 2.6. Let BY denote the n™ k-balancing number and C(n) (k) are the cofactor matrices of
Wny(k), then the inverse of matriz Wy (k) is denoted by

8+le if2<j<niseven BkIH BF if2<i<n—1iseven
Maj = _EqBj{ if3<j<nis odd 1 TThin = —Ekl:Bf if3<i<n—11s odd
N 7ﬁ8ﬁ_(i_l) if2<i<n-—1iseven N 7¢HB£—U—1) if2<j<n—11is even
mip = : ) , } JMj = . . .
t _'16_53;1 BE_(_yy i1 <i<n—1isodd ! 1—B:+1 BE ;i  if3<j<n—1isodd
and the other terms
g BEBE Ly >0 () =1 gt BBy < (1 =
mi; = ' ok pk e i+j Mij = ' pk pk e i
! %Bi B, ifj =i, ()" =1 ! BE L, BiB; i1 ifj<i(-1)77 =1
1 PR . 1
my; = BTB?B:;,(J,]) if i=3(ig # 11 and ¢j # nn),my, = —BTB{c
n+1 n+1

with § is the j™ columb and i is the i" row of Wiy (k) forn > 4 is even and

- _ GBjC il 2<j<mniseven — 6BF  if2<i<n—1iseven
T —6BF i3 < j<mnisodd Tl —6BF if3<i<n—1isodd
— _B:—(x—l) if2<i<n—11iseven _ —GB,"L(JA) if2<j<n-—1Iiseven
R Bf iy f1<i<n—1lisodd 'Y 6By_j_1y iM3<j<n—1lisodd

and the other terms
k ok AR A _enpknpk e vitd
vy = { iGEjs:} ‘-D;Cn—u—n itj > ( 1) ii =-1 iy = { BBkj Bkn_(i_l) @‘\_z‘_( 1) i:_ 1
6B B, _(;_1) itj=i(=1)y"~7=1 "7 6B B, _(i_1) ifj<i (=17 =1

mi; = GB:CB,’;',(J,U if i=7j(ij # 11 and ij # nn), min = —6B¥
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with j is the §* columb and i is the i™ row of Winy (k) for n > 5 is odd.

Proof. We know the truth from (1.4) that

_ 1 T
Wey(k) ™" = s Oy ()
) det(W(,,) (k)™
_ 1 T
Wiy (E) ™" = ——Cum(k
(W (K)) 6Bt ) (k)
We know its transpoze of Cy,)(k) from Lemma 2.4
= 6BF if2<j <niseven e — 6BF if2<i<n—1Iiseven
nT —6BF if3<j <nisodd e —6BF if3<i<n—1isodd
o —B) ;4 if2<i<n—1liseven _f —6BF ;4 if2<j<n—1iseven
T BE L, ifl1<i<n-1lisodd Y 6Bk _;_,) if3<j<n-—1isodd
and the other terms
—6GBFR: if j >4, (—1)"% = -1 —6BFBF . if j < i, (—1)" = —1
o i Bn oy ifi>4(=1) o B i1y i <i(=1)
M 6B Bk s (=1 = 5 i BERF e (—1)H
i Dn(j—1) 7>1i,(-1) 1 6B B, (i1 ifj <, (-1) 1
my; = 6BFBE__yif i=j(ij # 11 and ij # nn),m1, = —6Bf

with j is the j* columb and i is the i*" row of W(,)(k) for n > 4 is even and

. —6Bf if2<j<niseven e = | —6Bf if2<i<n—liseven
nT 6BF if3<j<nisodd T 6BF if3<i<n—1isodd

{ —B) ;4 if2<i<n—1iseven { —6B)_(;_yy if2<j<mniseven
= y M =

i Bf_ i, ifl<i<n-—1lisodd if 3<j<mnisodd

n—(j—1)
and the other terms

k ok e iti _ - Dk ok e iti _
- —GBF:- Bkn—(j—l} if j >4, (—1) .J = -1 — —Eanj }?cn_(i_l) if j <, (—1)"7 = -1
! 6BIB; (4 ifj>i(-)"T=1 "7 6B/B, . ifj<i(-1)"7=1

mi; = 6BFBE 4y if i=j(ij # 11 and ij # nn), min, = 6B%

with j is the 5" columb and 7 is the " row of Win) (k) for n > 5 is odd.

So we product the terms of these matrice with , then we get the result. O

1
k
GB7L+1

3 Conclusions

We proved some formulas differently to the traditional form by the k—balancing numbers concept.
We discussed the relations between the k—balancing number and other results in this paper, for
example trace, determinants, eigenvalues and so on. The two concepts balancing numbers and
tridiagonal matrix in this work, have applications as in [12] and [13]. Therefore we obtained the
applications to k—balancing numbers.

Some further investigations are as follows.

10
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1. We consider only BF defined from the determinant of the matrices, if possible we can discuss
the other k—balancing numbers which are defined in (1.3) : b¥ | C¥ and f.

2. The results found in this paper can be used on the applications of k—balancing number.
Also k—balancing numbers have connection between Pell numbers with the help of the Binet
formulas.
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