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Abstract

The purpose of this article is to establish the equivalence between a K-functional and a modulus

of smoothness generated by a Dunkl type operator on the real line.
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1 Introduction

Given a positive real number r and a positive integer m, the classical modulus of smoothness is
defined for a function f € L*(R) by

wm(f, T) = sup HAZLf“Za
0<h<r
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where

wr=("-10)" s, (L1)

I being the unit operator and 7" stands for the usual translation operator given by 7" f(z) =
f(z + h). While the classical K-functional, introduced in [1], is defined by

Km(f,r) =inf {||f —gll2+r|D"gl, : g€ W5},
where D = d/dx and

Wyt ={feL’R): D'f € L’(R), j=1,2,..m}.

An outstanding result of the theory of approximation of functions on R, which establishes the
equivalence between modulus of smoothness and K-functionals, can be formulated as follows:

Theorem 1.1. (see [2]) There are two positive constants c1 and c2 such that for all f € L*(R) and
7> 0:
€1 wm(f, T) S Km(.f7 Tm) S C2 wm(.f? T)’

Considerable attention has been devoted to discovering generalizations to new contexts for
Theorem 1.1, see for instance [3]-[7]. The intention of this paper is to prove an analogue of
Theorem 1.1 when in (1.1) the usual translation operators 7" are substituted by certain generalized
translation operators on R tied to the first-order singular differential-difference operator

f(@) = f(==)

T

M) = F'(a) + (7 + 1) @) ().

2
where v > —1/2 and q is a C*° real-valued odd function on R. For ¢ = 0, we retrieve the differential-
difference operator

D, f(z) =f/(m)+<v+%>w, (1.2)

T

which is referred to as the Dunkl operator with parameter v + 1/2 associated with the reflection
group Zz on R. Such operators have been introduced by Dunkl [8]-[10] in connection with a
generalization of the classical theory of spherical harmonics. Besides its mathematical interest,
the Dunkl operator D, has quantum-mechanical applications; it is naturally involved in the study
of one-dimensional harmonic oscillators governed by Wigner’s commutation rules [11]-[13].

In [14]-[15] the second author has initiated a completely new harmonic analysis related to the
differential-difference operator A in which several analytic structures on R were generalized. The
tools actually required for the discussion in the present paper, are essentially the Fourier transform
and the translation operators linked to A. It is noted that the results stated in [4] may be recovered
from those obtained in the present paper by simply taking ¢ = 0.

2 Preliminaries

Throughout this section, we recapitulate some facts about harmonic analysis related to the differential-
difference operator A. We cite here, as briefly as possible, only those properties really required for
the discussion. For further details, we refer to [14]-[15]. From now on assume y > —1/2.

The one-dimensional Dunkl kernel is defined by

ea,(z) = jy(i2) + mjv+1(iz) (€0,
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j~ being the normalized spherical Bessel function of index 7 given by

W@ =T+ Y LB eo).

The following properties collected from [3]-[4], [14] will play a key role in the sequel.

Lemma 2.1. (¢) For each A € C, the function e(X\-) is the unique solution of the differential-
difference equation
Dyu=MAu, u(0)=1. (2.1)
(it) Forallz€ C andn=0,1,...,

n

< elfesl, (2.2)

dzne"/( )
(24) There is ¢y > 0 such that |1 — e, (ix)| > ¢y for all x € R with |z| > 1.
(iv) For all z € R — {0}, e, (iz) # 1.

(v) For allz € R,
11— ey (iz)] < |z,

Q) = exp(— /0 q(t)dt), zER.

Notation 2.1. Put

We denote by

e S(R) the space of C*° functions f on R, which are rapidly decreasing together with their
derivatives, i.e., such that for all m,n =0,1, ...,

Pron(f) = sup (1 + [2)™ \ \
zER

The topology of S(R) is defined by the semi-norms pmn, m,n =0,1,... .
e So(R) the space of C* functions f on R such that for all m,n =0,1, ...,
Prn(f) = pmn(Qf) < oo.
The topology of Sq(R) is defined by the semi-norms Pmn, m,n =0,1,... .
o S1/0(R) the space of C™ functions f on R such that for all m,n =0,1,...,

Nonn (f) = pmn(f/Q) < 00
The topology of S1,q(R) is defined by the semi-norms Ny n, m,n =0,1, ... .

e P(R) the space of C* functions f on R which are slowly increasing together with their

derivatives; that is, for alln = 0,1, ..., there is m = 0,1, ... such that
sup (1 + |z])~ ’
z€R

o P1/o(R) the space of C functions f on R such that f/Q € P(R).
o S'(R) the space of tempered distributions on R.

e S5(R) the topological dual of Sq(R).

® S51/o(R) the topological dual of S1/¢(R).

o M the map defined by
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Remark 2.1. (i) It follows from (2.2) that e,(i\-) € P(R) for X € R.

(#1) M is a topological isomorphism
e from Sg(R) onto S(R);

e from S(R) onto S1,¢(R).
(#43) M is one-to-one from P(R) onto Py, (R).
(iv) M? is a topological isomorphism from Sq(R) onto Sy /g (R).

Lemma 2.2. The Dunkl operator D, maps
e C°°(R) into itself;
e P(R) into itself.

Proof. (i) Let f € C*°(R). By writing
1
Dof@) = f@)+ G+ g) [ 7

and by using the derivation theorem under the integral sign we see that D~ f € C*°(R) and

D NO @) = 1@+ (3 [ ) 2:3)

forall k=0,1....
(7) Let f € P(R) and n =0, 1... . By hypothesis there are C > 0 and m = 0, 1... such that

£ (@) < e+ )™,

for all z € R. So using (2.3) we obtain
1
(DN @] < C+ el + Oy +1) [ (14t s
0

1
< C(1+|x|)m+0(27+1)(1+|x|)m/ £t
0

2y +1
n+1

= o1+ ZE e
< Oy 2+ )™,

for all € R. This shows that D f € P(R). O

Lemma 2.3. The Dunkl operator D., is a linear bounded operator from S(R) into itself.

Proof. Let f € S(R) and m,n =0,1... . By (2.3) we have for |z| <1,

(1+[2)™ (D, ) @)

IN

2m (1 +(v+ %)/jl |t|”dt> s )f("“)(x)‘

ze[—1,1
m 2y + 1)
2 1+ sup

( n+1 ze[—1,1]

fr @)

IN

2" (v + D)pon1 (f).
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By (1.2) and Leibniz formula we have for = # 0,

sy (P@ - 0 )

() _ lnt1) Lo
(D) (z) = f () + (v + 2)” kZ:O (n—k)! k1
So for |z|] > 1,
L+ [z)™ (D)W@) < @ fa)™ 5 (@)
e IR )
k=0
S Pt + @y + ) Y Pmkl),
k=0 ’
Therefore
D < gm+1 | - Pm .k (f)
Pmn(Dyf) < 277 (v + Dponsr (f) + Pmnta (F) + (27 + nl ) =0,
k=0 :
which shows that D, is bounded from S(R) into itself. O
Corollary 2.1. (i) The differential-difference operator A is a linear bounded operator from

S1/0(R) into itself.
(i1) The dual operator of A, defined by

@) = F@ + o+ o) T IED ),
is a linear bounded operator from Sg(R) into itself.

Proof. From [[14], p. 7] we know that A and A are respectively linked to D~ via the intertwining
formulas

AMS =MD, f, feC(®), (2.4)
D Mf=MAf, feC™R). (2.5)
Assertion (7) follows from (2.4), Remark 2.1(i7) and Lemma 2.3. Assertion (ii) follows from (2.5),
Remark 2.1(4¢) and Lemma 2.3. O

Remark 2.2. () A combination of (2.4) and (2.5) yields the formula
AMEf = M2Af, feC™R). (2.6)

(#) By (2.4), Remark 2.1(ii4) and Lemma 2.2 we see that A maps P;,q(R) into itself.

(iii) The duality between A and A is justified by the transposition relationship
[ Ar@g@laf o = - [ f@)Ro(a)fof* dz, (2.7)
R R

which is valid for any f € P1,o(R) and g € Sq(R).
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Notation 2.2. Put 1

my =

We denote by

. L2Q (R) be the class of measurable functions f on R for which

1/2
1fllee = ( / F(@)Q)? |xﬁw+1dx) “ .

° Lf/Q (R) be the class of measurable functions f on R for which

- ([ rw/awr |x|2”“dx)l/2 < o0

The generalized Fourier transform of a function f in Sg(R) is defined by

/f (—idz)|z|* T dz, X eR. (2.8)

Remark 2.3. Recall that the one-dimensional Dunkl transform is defined for a function f € S(R)
by

Fo(HON) = /]R F@) ey (—ida) |22 de, A€ R. (2.9)

By (2.8) and (2.9) observe that
F=F, oM. (2.10)

Theorem 2.1. The generalized Fourier transform F is a topological isomorphism from Sq(R) onto

S(R). The inverse transform is given by

1

f_l(g)(x) = m

,/Rg()\) ey (idx) do(N),

where
do(\) = m AT dA.

Proof. It is well known that the one-dimensional Dunkl transform F is a topological automorphism
of S(R) and its inverse is given by

F0)@) = [ a0 e (ixe) do().
R
The result follows now from (2.10) and Remark 2.1(4z). O

Theorem 2.2. (i) For every f € Sq(R) we have the Plancherel formula

JEC el e = [ 1P dr.

(i¢) The generalized Fourier transform F extends uniquely to an isometric isomorphism from
L3 (R) onto L*(R,0).

The generalized Fourier transform of a distribution S € Sg(R) is defined by

(F(S),0) = (S, F'(v)), ¥ eSR).
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Theorem 2.3. The generalized Fourier transform F is one-to-one from Si(R) onto S'(R).
Notation 2.3. (i) If S € SH(R) define AS € SH(R) by
(AS,¥) = —(S,A¢), ¢ € Sq(R).
(i) If S € S;,o(R) define AS € S ,5(R) by
(AS,9) = (S, Ap), ¢ € S1/0(R).
(i) If S € 81 ,o(R) define Q*S € SH(R) by
(@S,0) = (5,Q%), ¢ € So(R).
(iv) Fork=0,1,... and S € S'(R) let z*S € S'(R) be defined by
(@"5,9) = (S,2"y), ¢ € S(R).

(v) If f is a measurable function on R, we write Ts for the functional
(15.0) = [ £yl .
R
Remark 2.4. From (2.6) we deduce the identity

AQ’S = Q*AS, S €S oR). (2.11)
Lemma 2.4. Let f € LH(R) and g(\) = my F(f)(—=A). Then
(i) Ty € 81/ (R);
(i) F(Tq2s) = To-

Proof. (i) Let ¢ € S1,(R) and m a positive integer such that m > v+ 1. By Schwarz inequality
we have

Ty, ¥)| = ‘Af(ﬂlb(@lﬂ”“dw < llz.ell¥ll21/e-

But

Wlaa = ([ @@ e

da 1/2
oot (| pers)
Pm,o(¥/Q)
vm—~vy—1
Nim,o(¥)
Vm—~y—=1’
which shows that T is bounded on Sy, (R).

IA

IN

(i) Let © € S(R). It is easily checked that
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where 1;()\) =1 (—A). So using Theorem 2.2 we get

(F(Tozs) ) = / F@) F () (@) (Q(a)) 2|2 de

/R F@) F1(8) (@) (Q(a))? |2+ da

ey / FHNB(=N)APTdA

my [ FANONT A
R
= (Ty,9),
which concludes the proof. O
Lemma 2.5. Let f € Sq(R) and S € SG(R). Then for k=1,2,... we have

FAEF)O) = 00" F(HO), (2.12)

F(A"S) = (=iN)* F(S). (2.13)

Proof. By (2.1), (2.4), (2.7) and Remark 2.1(¢) we have

FERNO = [ Qe (-ira) B fla) o da

= () [ AQ@er=ix) (@) Fa) o

(1" [ Q@)D (e (=ir))(e) ()l da

= @ / Qe)ey(—ida) f(x) |2 da

= N"F(HO).
If ¢ € S(R) then

But by (2.12),

So
(F(A"S),9) = (DS, FH((N"))
— (CDMES), V)
= (“DMENF(S).9),
which achieves the proof. O
Notation 2.4. In all what follows assume m = 1,2,... . Let W5 be the Sobolev type space

constructed by the differential-difference operator K, i.e.,
Wig ={f e LA®): Nf e L3R), j=1,2,..m}.

More explicitly, f € Wy'g if and only if for each j = 1,2,...,m, there is a function in LE(R)

abusively denoted by /N\jf, such that /N\ij =Tx,;-
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Proposition 2.1. For f € W5 we have

FA™F)A) = (N F (). (2.14)
Proof. By the definition of W' we have

ATy = T -
It follows from (2.11), (2.13) and Lemma 2.4 that
F(QA™TY) = F(A"QTy) = F(N"Toep) = (=id)" F(Toey) =Ty,
with g(A) = my (—iA)™ F(f)(=A). Again by Lemma 2.4,
]—"(QQTKmf) = ]:(TQZK,”/.) =Ty,

with h(X) = m, f(Kmf) (—A). Identity (2.14) is now immediate. O

Recall that the Dunkl translation operators 75, € R are defined by

1 J—

1 [t Tr—y
+—/ Va4 y? —2ayt) (1 - ———L—— | A,(t)dt,
) 71f( Yy y) e —nnl (1)

where
I'(vy+1)

A(t) = ————F—

0= T+ 1)

The generalized translation operators 7%, € R, tied to A are defined by
T f(y) = Qx)Qy) 7 (f/Q)(y).

The generalized dual translation operators are given by

Q(x)
Q(y)

Proposition 2.2. (1) Let f e Lf/Q(R). Then for allz € R, T f € Lf/Q(R) and

1T fll2,1/0 < 2Q=) I fll21/0-

y—1/2

(1+1t) (1—1%)

T f(y) = 7 T (QF) ().

(ii) Let f € L{H(R). Then for allz € R, *T* f € L3 (R) and
1T f 0 <2Q@) 1 f]2.0- (2.15)
(iii) For f € Lj(R) we have
FTF) (N = Qx)ey (—idz) F()(N). (2.16)

(iv) For f € Lf/Q(R) and g € L3 (R) we have the duality relation

[T el = [ 1) T )l .
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3 Equivalence of K-Functionals and Modulus of Smoothness

Definition 3.1. Let f € L3 (R) and r > 0. Then

() The generalized modulus of smoothness is defined by

wm(f,r)2.0 = sup [|A} fll2,Q;
0<h<r
where m
ne= (T -emr)" r,
I being the unit operator.

(#1) The generalized K-functional is defined by
Kon(f)2.0 =t {|If = glleo +7 K9], o : 9 € Whg ).

We can now state the main result of this paper which establishes the equivalence between the
generalized modulus of smoothness and the generalized K-functional.

Theorem 3.1. There are two positive constants c1 = c1(m,~y) and c2 = ca2(m,~y) such that for all
f€LLH(R) and r > 0:

C1 (Q(T))m Km(f7 Tm)2,Q < wm(ﬁ T)Q,Q <c (M(r))m Km(f7 Tm)Q,Q ) (31)
where M(r) = sup Q(h).

0<h<r
Remark 3.1. If Q is increasing on [0, co[, then (3.1) may be written as
crwm(f,r)2. < (Q(r)™ Km(f,r™), o < c2wm(fr)2.0-
To simplify the proof of Theorem 3.1 we have to demonstrate first some preliminary results.

Lemma 3.1. Let f € L{(R) and h > 0. Then

AR fllz.e < 3™(Q(R)™ (I fll2.c (3.2)

and
FAR NN = (Q(A)™ (e4(=iAh) = 1)™ F(f)(N). (3:3)
Proof. The result follows readily by using (2.15), (2.16) and an induction on m. O

Lemma 3.2. For all f € W' and h > 0 we have
1A fllao < B™ @)™ A7 ], o- (3.4)

Proof. By (2.14), (3.3), Lemma 2.1(v) and Theorem 2.2 we have

AT fIRo = / FAT DN do (M)

(Q(h))Qm/Rll — ey (=) [F ()N do(N)

IN

th(Q(h))Qm/RI/\Izm IF(HN)[? do ()
= W)™ [IFA NP o)

m m|| XA m 2
= RQM)) ™A [
which is the desired result. O

10
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Notation 3.1. For f € L%(R) and v > 0 define the function
P,(f) / F(f)(N) ey(ixx)do(N).

Proposition 3.1. Let f € L3 (R) and v > 0. Then
(3) P.(f) € C(R) and

AP *L ’ iN* e (idx)do
AP, (f)(z) = @) [Vf(f)(A)( A)" ey (iAz)do(A) (3.5)

forallk=0,1,... .
(i1) For allk =0,1,..., A*P,(f) € LL(R) and

FA*P(H))(N) =GN F(HO) xo(N), (3.6)
where
1 if A <v,
() = {0 if [A > v

Proof. The fact that P, (f) € C*°(R) follows from the derivation theorem under the integral sign.
Identity (3.5) follows easily from (2.1) and (2.5). Assertion (i) is a consequence of (3.5) and
Theorem 2.2. O

Lemma 3.3. There is a positive constant ¢ = c(7y) such that

If = Po(ll.e <™ (QA/) ™ AT fll2.0
for any f € LH(R) and v > 0.

Proof. By (3.6) and Theorem 2.2 we have
I = P)lEe = /Il—xu ) IF NP do (V)
- / FHO[2do(N).
IXN[>v

By Lemma 2.1(447) there is a constant ¢ > 0 which depends only on ~ such that
IL—ey(=iA/v)[ = c

for all A € R with |A| > v. From this, (3.3) and Theorem 2.2 we get

I =PDl3g < ¢ /Mufe7<fix/u>|2m|f(f>(A)|2da<A>
= T QU) /H AT do(N)
< @M [IFATHMI do(
— QUMW) TIAT B 0,
which ends the proof. O

11



Al Subaie & Mourou; BIMCS, 10(4), 1-14, 2015; Article no.BJMCS.19652

Corollary 3.1. For dll f € L2Q (R) and v > 0 we have

If = Po(Pllze <™ (QM/v)) " wm(f,1/v)2,0,

where ¢ is as in Lemma 3.3.
Lemma 3.4. There is a positive constant C = C(vy) such that

IR P ()]0 < (€)™ QW)™ AT Fllzc
for every f € LH(R) and v > 0.

Proof. By (3.6) and Theorem 2.2 we have

RPN, = [ X IFOOEd0)

—v

v AQm . 2m 2
/ e L e AT IE(D O do().

Put

It
C=sup ———.
<1 |1 — ey (—it)|

By L’Hopital’s rule,

t
lim 1

—_— =2 1).
o ey (g~ 20D

This when combined with Lemma 2.1(iv) entails 0 < C' < oco. Moreover,

su AT = 2™ gu A/v)*m
AT e VAT Sy 1= ey (Zir/m)m
T e npr
= (Cv)®™.
Therefore
A" P, < (Cw)*" /_ 11— ey (—iM/V)™ [F(FNI do(N)
= (@v)*™(Q(/v) 7" [ |F (AT, N do(N)
< (CV)Qm(Q(l/V))%m/R\]:(AE'}Vf)(A)|2do(/\)
= (C)™(Q/v) " 1A f13.0,
by virtue of (3.3) and Theorem 2.2. O

Corollary 3.2. For any f € L2Q (R) and v > 0 we have

A" Po()]l, < (C0)™(@QUL/¥) ™™ win(f, 1/1)2.0,

where C is as in Lemma 3.4.

12
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Proof of Theorem 8.1. (i) Let h €]0,7] and g € W3'g. By (3.2) and (3.4) we have

1AT flze < IAR(S = 9)lleq + AT gll2.q
< 37@QMW)IS - gl + A™QE) A gll2.0
< M) = gllae + (M) A g2
< 3 M) (If = gllzq + " IR gll20)-

Calculating the supremum with respect to h €]0,7] and the infimum with respect to all possible
functions g € W' we obtain

Wi (fyr)2,0 < c2 (M(r)" Km (f,™)5.0

with co = 3™.
(#7) Let v be a positive real number. As P,(f) € Wyg it follows from the definition of the
K-functional and Corollaries 3.1 and 3.2 that

Ko (f,1™)00 < If = Po(Hllze + " IIA"P.(f)]2
M (QA/Y)) M Wi (£, 1/v)2q + CT V™M (Q(L/Y)) M wim (f, 1/v)2.0
Q)™ (™ + C™ ()™ win(f, 1/v)2.q-

Since v is arbitrary, by choosing v = 1/r we get

C1 (Q(T))me(fv rm)Q’Q < w’rn(fa T)2,Q7

with ¢1 = (¢”™+C™)~!. This completes the proof. O

IN

4 Conclusion

We consider a singular differential-difference operator A on the real line which includes, as particular
case, the Dunkl operator associated with the reflection group Z> on R. By using an harmonic analysis
corresponding to A, we construct generalized K-functionals and modulus of smoothness, which turn
out to be equivalent.
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