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Abstract

This paper is an attempt to solve singular value problems for higher order ordinary differential
equation by using new modification of Adomian Decomposition Method (ADM). Convergent
series solution of considered problem have been obtained. Three numerical examples are discussed
to validate the strength and ease of the method used.

Keywords: Ordinary differential equations; adomian decomposition method; higher-order singular
initial value problems.
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1 Introduction

The goal of this paper is to study the numerical solution of singular initial value problems of higher
order. Solving singular equations with initial or boundary conditions is an important issue in
science application. Therefore, in the recent studies, many researchers have been studying singular
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equations and introducing many methods to solve this type of equations [1-5]. One of those methods
is Adomian Decomposition method (ADM) [6-12], which is a numerical method that was introduced
by George Adomian in 1980s [13,14] to solve different equations. This method can be used to solve
differential equations with integer or fractional order[15,16], ordinary or partial, with initial value or
boundary problems, with variable or constant coefficients, linear or nonlinear, homogeneous or non
homogeneous. The major difficulty for solving the model under study is the presence of singularity
so we submit a novel modified of ADM which would enable us to establish an useful solution to the
singular initial value problems via this method.

2  Structure of The Singular Equations of Higher Order

In the section we present generalized formula to derive various kinds of the singular equations of
different order for various value of «, the generalized formula given in the form

1 d™ g d
1 ax ax _
o ¢y =g(@y), (2.1)
for m = 1, Egs. (1) becomes the first kind of singular equation of second-order [4] given as

" 2+ ax o
y + y+oy= g(z,y), (2.2)

for m = 2, Egs. (1) becomes the second kind of singular equation of third-order given as

w34+ ax v 2
y o+ Yy +?y/:g(x,y), (2.3)

for m = 3, Egs. (1) becomes the third kind of singular equation of fourth-order given as

44+ ax m 3o
vy Ty = g(a), (24)
and so on, we have
k _ k—1 _
y O B %y(’“ P = g(@,y). (2.5)

3 Adomian Decomposition Method

In this part we will show the basic solution steps for this method that we will use in this paper to
solve this type of equations (5) with the following initial conditions

y(0) = a1,y'(0) = az,y”(0) = az, ...y"(0) = ax.

According to the ADM we rewrite Eq.(1) in operator form as

Ly = g(z,y). (3.1)

The new inverse integral operator L~! is given by
L) = xileﬂ”/ e‘”/ / / z(.)dzdx...dz. (3.2)
0 o Jo 0
N————
k—1

Applying L™ on both sides of Eq.(6) we have

Yy ZV(x) +L_lg(x7y)7 (33)

such that
L~y(z) = 0.
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The ADM assumes a series solution for y(z) given by
Y@ =3 (o), (3.4
n=0
and the nonlinear terms defined by the series
g(z,y) = i An, (3.5)
n=0

where the components y,(z) of the solution y(x) will be determined recurrently, and the A, are
the Adomian polynomials, specific algorithms were seen in [2] to formulate Adomian polynomials .
The flowing algorithm:

Ao = G(yo),

A1 =G (yo)yn,

1
Az = G'(yo)y2) + iG"(yo)y?,

1 P
Az =G (Yo)y3) + G (yo)yrya + gGW(yo)yf, (3.6)

from (8) , (9) and (10) we have
Z Yn) = f}/(m) + L71 Z An~ (37)
n=0 n=0
To determine the components y, (z),we use ADM by using the relation
yo =(x) + L7 f(x),

Ynt1 = —L_lAn, n > 0. (3.8)

4 Numerical Examples

Example 1. Consider the problem

4 11 24 " _
+78x)y + =y =(30+1202 171 ' +722° +302° — 482°%)y ", (4.1)

y(0) = 1,4/(0) = 0,y"(0) = 0,y"(0) = 0,
We define the operator as
L() = xild—Sefgmiegzm(.)
dz3 dx ’

the inverse operator L~! is given by

Lil(.)zxflefsx/ esm/ / / z(.)dzdzdzdz.
0 o Jo Jo

Eq.(14) can be written as operator form

Ly = (30 + 120z — 1712 + 722° + 302® — 482°)y~'°. (4.2)
Taking L™" on both sides of (15) and using the condition gives

yx) =1+ L' (30+120x — 171 z* + 722° 4+ 302° — 482%)y~'°.
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To get the solution we use the iterative formula

yo =1,
Yni1 = L7130+ 1202 — 1712 + 722° + 302° — 482°)A,,, n > 0, (4.3)
where the nonlinear term y~*® has Adomian polynomials A, as the following
A=y,
Ay = =155 ', (4.4)

Ay = —15y2y5 1% + 1207y, 17,

by substituting (17) into (16) we have the first few components of solution using ADM successively
as follows
yo(z) =1,
z* 192°  52° 1020 20z 57722
yi(z) = — — — - - +...,
4 336 84 231 693 36036
-25z%  52°  102'0 202''  4663x'°
W@ =g "5 T a3~ 693 T 82368
1805 z'2
¥3(®) = Tog108

+ ...

This gives the series solution

(m)—1+£4_£+7x12
YW =27 739 T IR

Which is quite close to Taylor expansion of exact solution y(z) = (1 + m4)%.
Example 2. We consider the problem

5—10z. » 40 » 4y (15 —150z 4+ 9022 — 2002° + 60 2* — 402 + 8 z°

y(0) = 1,5/(0) = 0,”(0) = 2,5 (0) = 0,y = 0.
We define the operator as
—1 d4 10x d —10x
L() =x @8 %e l’(),

the inverse operator L~ is given by

L_l(.)zm_lemm/ e_lox/ / / / z(.)drdzdzdrdr.
0 o Jo Jo Jo

Eq.(18) can be written as operator form

4 (15— 150z + 902® — 2002° + 60 2* — 402° 4 8z°)

Ly = . 4.
Y . Y (4.6)

Taking L™ on both sides of (19) and using the condition gives

4y (15 — 150z + 90 z* — 200 z* + 60 =* 74Ox5+8x6))

y(o) =1+ + L7
X

To get the solution we use the iterative formula

y0:1+$2,
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4 (15— 150z + 90 2% — 200z + 60 z* — 40 2° + 8 2°
it = L1 ( z+90x xm +60x z° + x)yn,nZO, (@)

we have the first few components of solution using ADM successively as follows

yo(z) =1+ 27,

(@) = ot 2 528 @ 2200 52t 4327 4327 862
ST T 6 T 126 T 126 165 594 | 6435 9009 | 27027 '
() = 2% 2?2 salt 1772 21643070 862602
VAT 504 T 126 264 594 324324 4540536 28814940 |

_ @ 292 | 3089a™
1297296 4540536 299675376 T

y3(z)

This gives the series solution

O P P A A I S S
v = 2 6 24 120 ' 720 ' 5040 '
Which is quite close to Taylor expansion of exact solution y(z) = e
Example 3. We consider the problem
444 w12 n
@4+ ( o o+—y =
x T
—8(~15—30z +1292" + 62" —492° +382° — 2'?  22'7) )W (4.8)
y(0) =y'(0) = 1,5"(0) = y"(0) = 0,
We define the operator as
ad e d oy
L() = 17 x Y dx .
()== d2¢ (),

the inverse operator L™ is given by

L_l(.):x_le_4z/ 641/ / / z(.)drdrdzdz.
0 o Jo Jo

Eq.(21) can be written as operator form

Ly=—8 (15— 30z + 1292 + 62° — 492° + 382° — 2" + 22"%) P (4.9)
Taking L™ on both sides of (22) and using the condition gives
y(z)
=1+z—8L7" (15302 +1292" + 62" — 492° + 382" — 2'* + 22'7) e,
To get the solution we use the iterative formula
Yo =1+,
Yni1 = —8L " (=15 — 30z + 1292" + 62° — 492° + 382" — 2'* +22"%) T4, (4.10)
n >0,
where the nonlinear term y~*® has Adomian polynomials A,, as the following
Ao = e—4yo’
Ay = —dyre” 0, (4.11)
Az = (—4y2 + 8yi)e ™,
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by substituting (24) into (23) we have the first few components of solution using ADM successively
as follows

Yo(w) = 1+,
. 432%  82° 3220 322 244722
ni@) =2 = o+ 53 " 603 T 2070 T 1ssi3s T
—102® 8z% 3221 32z 3443822
v(?) = 5~ = 53 T 603 o079 T 135135
544 2
vs(*) = 5509
This gives the series solution
8 12
y(ac)=1+x+x4—%+%+....

Which is quite close to Taylor expansion of exact solution

y(x) =14 z +log(1 4 2*).

5 Conclusion

The proposed ADM was employed for handling solutions of linear and nonlinear singular value
problems with initial conditions. Our results establish that the method is really successful to find
approximate solutions that have clearly approached the exact solutions of differential equations.
This work demonstrated that this technique is reliable. We recommend that in future, some studies
need to be done for solving fractional singular differential equations with boundary conditions by
using ADM .

Acknowledgement

We express our sincere thanks to editor in chief, editors and reviewers for their valuable suggestions
to revise this manuscript.

Competing Interests

Authors have declared that no competing interests exist.

References

[1] Kutniv MV, Datsko BY, Wloch A. A new approach to constructing of explicit one-step methods
of higher order for singular initial value problems for nonlinear ordinary differential equations.
Appl Numer Math; 2019.

Available:https://doi.org/10.1016 /j.apnum.2019.09.006

[2] Rufai MA, Ramos H. Numerical solution of second-order singular problems arising in
astrophysics by combining apair of one-step hybrid block Nystrm methods. Astrophys Space
Sci; 2020.

Available:https://doi.org/10.1007/s10509-020-03811-8

[3] Roul P, Goura VP, Agarwal R. Acompact finite difference method for general class of nonlinear
singular boundary value problems with Neumann and Robin boundary conditions. Appl Math
Compute. 2019;350:283-304.

27



Hasan and Alagel; AJPAS, 9(4): 22-28, 2020; Article no.AJPAS.62448

(4]
[5]
(6]

[11]

[12]
[13]
[14]
[15]

[16]

Shiralashetti SC, Deshi AB, Desai PB. Haar wavelet collocation method for the numerical
solution of singular initial value problems. Ain Shams Eng J. 2016;7(2): 663670.

Yildirim A, zis T. Solutions of singular IVPs of Lane-Emden type by the variational iteration
method. Nonlinear Anal : A Theory Methods Appl. 2009;70:24802484.

Alderremy AA, Elzaki TM, Chamekh M. Modified adomian decomposition method to solve
generalized emden-fowler systems for singular IVP. Mathematical Problems in Engineering;
2019.

Available:https://doi.org/10.1155/2019/6097095

Alagel SA, Hasan YQ. A new application of Adomian Decomposition method. IOSR-JM.
2020;16:11-15.

Biazar J, Hosseini K. A modified adomian decomposition method for singular initial value
Emden-fowler type equations. Int J Appl Math Research. 2016;5(1):69-72.

Hasan YQ, Zhu LM. Modified Adomian decomposition method for singular initial value
problems in the second-order ordinary differential equations. Surv Math Appl. 2008;3:183-193.

Umesh, Kumar M. Numerical solution of singular boundary value problem using advanced
Adomian decomposition method. Eng Comput; 2020.
Available:https://doi.org/10.1007/s00366-020-00972-6

Wazwaz AM, Rach R, Duan JS. Solving new fourth-order Emden-Fowler type equations by
the Adomian Decomposition method. Int J Comput Meth Eng Sci Mech; 2015.
Available:http://dx.doi.org/10.1080,/15502287.2015.1009582

Wazwaz AM. A reliable treatment of singular Emden-Fowler initial value problems and
boundary value problems. Appl Math Comput. 2011;217(24):10387-10395.

Adomian G. A review of the decomposition in applied and some recent results for nonlinear
equation. Math Comput Model. 1999;13:17-43.

Adomian G. Solving frontier problem of physics: The decomposition method. Kluwer academic
publishers London; 1994.

Alagel SA, Hasan YQ. The general solution for singular equations of (n+1) order using
Adomian decomposition method. J Math Comput Sci. 2020;6: 2261-2281.

Dabwan NM, Hasan YQ. Using Adomian decomposition method in solving fractional Lane-
Emden type equations. R A Journal. 2020;3(8):274-283.

© 2020 Hasan and Alagel; This is an Open Access article distributed under the terms of the Creative
Commons Attribution License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted
use, distribu-tion and reproduction in any medium, provided the original work is properly cited.

Peer-review history:

The peer review history for this paper can be accessed here (Please copy paste the total link in your browser
address bar)

hitp://www.sdiarticle4.com/review-history /62448

28


http://creativecommons.org/licenses/by/2.0

	Introduction
	 Structure of The Singular Equations of Higher Order
	 Adomian Decomposition Method
	Numerical Examples
	Conclusion

